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CLASSIFICATION OF AFFINE VORTICES
S. VENUGOPALAN AND C. WOODWARD
Abstract. We prove a Hitchin-Kobayashi correspondence for vortices on the
complex affine line with Ka¨hler target, which generalizes a result of Taubes [40],
see also [24], for the case of a line target. More precisely, suppose a compact
connected Lie group K acts on a Ka¨hler manifold X with proper moment map
so that stable=semistable for the action of the complexified Lie group G and X
is equivariantly convex at infinity. Then, for some sufficiently divisible integer n,
there is a bijection between gauge equivalence classes of K-vortices with target X
modulo gauge and isomorphism classes of maps from the weighted projective line
P(1, n) to X/G that map the stacky point at infinity P(n) to the semistable locus
of X. The results allow the construction and partial computation of the quantum
Kirwan map in Woodward ([46], [47] and [48]), and play a role in the conjectures
of Dimofte, Gukov, and Hollands [13] relating vortex counts to knot invariants.
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1. Introduction
A vortex in geometric analysis is a pair consisting of a connection and bundle
section which satisfies an equation involving the curvature and a non-linear (usual
quadratic) term depending on the section, as well as a first order equation for the
section. Vortices arise naturally in several areas of mathematical physics and ge-
ometry; our interest in them arises from their interpretation as equivariant general-
izations of pseudoholomorphic maps. Our goal in this paper is to classify vortices,
in the special case that the domain is the complex line. In this setting, Taubes
[40] and Jaffe-Taubes [24] provide a classification in the first non-trivial case of fi-
nite energy vortices with circle group K = U(1) and target space X = C. In this
paper we generalize their classification to arbitrary compact connected Lie groups
K and fiber bundles whose fiber is a Ka¨hler manifold X with a Hamiltonian K-
action. Here X is either compact or is equivariantly convex at infinity with a proper
moment map. More precisely we classify affine vortices with target X, consist-
ing of pairs (A,u) where A is a connection on the principal bundle P = C × K,
u : C→ P (X) := (P ×X)/K is a holomorphic section with respect to the complex
structure defined by A and (A,u) satisfies the vortex equation:
(1) ∗ FA +Φ(u) = 0.
Here FA is the curvature of A, Φ : X → k
∨ ≃ k is the moment map on X for the
K-action, and ∗ is the Hodge star for the standard metric on C.
In the special case of the action of the circle group on the complex line, Taubes
[40, Theorem 1]) and Jaffe-Taubes [24, Section III, Theorem 1] show that the gauge-
equivalence class of a finite energy vortex is completely determined by the zeros of
the section. It follows that the moduli space of gauge equivalence classes of finite en-
ergy vortices is a symmetric product. This gives a description of the space of vortices
with target C in terms of holomorphic data which from a more modern perspective
may be viewed as a Hitchin-Kobayashi correspondence. The first example of such
a correspondence by Narasimhan and Seshadri [32] shows that stable holomorphic
bundles over a Riemann surface correspond to irreducible unitary representations of
the fundamental group. Donaldson [14] reproves the Narasimhan-Seshadri theorem
in a differential-geometric setting, replacing irreducible unitary representations by
an equivalent object - the minima of the Yang-Mills functional. The extension of this
result to higher dimensional base manifolds involved replacing a Yang-Mills connec-
tion by a Hermitian-Einstein connection. The Hitchin-Kobayashi correspondence
in this case states that a holomorphic vector bundle admits a Hermitian-Einstein
connection if and only if it is stable. This was proved for compact Ka¨hler surfaces
in [15] and for general compact Ka¨hler manifolds in [41].
CLASSIFICATION OF AFFINE VORTICES 3
In the case of vortices the corresponding holomorphic objects are holomorphic
bundles over compact Ka¨hler manifolds with additional data, for example a pre-
scribed holomorphic section. Vortices are the zeros of the vortex functional given
by the norm-square of the left hand side of (1). Bradlow’s paper [7] defines a
stability condition for such objects and relates it to the existence of zeros of the
vortex functional. Results in Bradlow [7] are used to investigate the moduli space
of finite energy vortices in [8], [5] and [6]. Garcia-Prada [19], [20], [21] provides a
different approach to similar results via dimensional reduction, achieving in some
cases more general results. Mundet [31] generalizes these results by allowing the
fiber to be a Ka¨hler Hamiltonian manifold. All these Hitchin-Kobayashi results are
infinite-dimensional versions of the abstract setting laid out in Kempf-Ness [25] and
Kirwan [27], in which the main idea is that the symplectic quotient coincides with
the geometric invariant theory (git) quotient.
Our main result is a bijection between finite energy affine vortices with bounded
image and a moduli space of holomorphic objects defined as follows: Let G be a
connected complex reductive group whose maximal compact subgroup is K. By a
G-gauged holomorphic map we mean a pair (PC, u) where PC → P(1, n) is a holomor-
phic principal G-bundle over the weighted projective line P(1, n) and u : P(1, n) →
PC ×G X is a section. Complex gauge transformations are G-automorphisms of the
underlying smooth bundle; they act on G-gauged maps by pulling back the com-
plex structure and section. We say that a G-gauged holomorphic map is stable if
the point at infinity is mapped by u to the semistable locus Xss, i.e., u(∞) takes
values in (PC ×G X
ss)|∞. The stability condition we consider here is surprisingly
simple because we want our holomorphic objects to correspond to unitary objects
on affine curves. From a G-gauged holomorphic map (PC, u), we produce a unitary
object by choosing a section σ : P(1, n)→ PC/K. This reduces the structure group
to the maximal compact subgroup K, i.e. there is a principal K-bundle P ⊆ PC
such that PC = P ×K G. The complex structure on PC corresponds to a choice of
K-connection A.
Theorem 1.1. (Classification of affine vortices) Let X,G,K be as above. Suppose
the G-action on Xss has finite stabilizers and n is a positive integer such that for
any x ∈ Xss, the order of the stabilizer group |Gx| divides n. For any stable G-
gauged map (PC, u), there exists a unique reduction of the structure group σ : C →
PC/K, so that if A is the resulting connection, then (A,u)|C is a symplectic vortex.
The reduction σ extends over P(1, n) in the sense of Section 3 below. The map
[(PC, u)] 7→ [(A,u)|C] defines a bijection between complex gauge equivalence classes
of stable gauged holomorphic maps (PC, u) from P(1, n) to X and gauge equivalence
classes of finite energy affine K-vortices with bounded image in X.
The moduli space of G-gauged holomorphic maps in the theorem has a convenient
stack-theoretic interpretation. The weighted projective line is a Deligne-Mumford
stack, or in other language, an orbifold. Recall that if C is a complex curve, a
morphism from C to the quotient stack X/G consists of a principal G-bundle over C
together with a section of the associated fiber bundle P ×G X. The quotient stack
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X/G contains as a proper open substack the geometric invariant theory quotient
X//G, here defined as the stack-theoretic quotient of the semistable locus by the
action of G. The same is true when C is replaced by P(1, n) (see [28]). The moduli
space of stable G-gauged holomorphic maps is the coarse moduli space of the open
substack of Hom(P(1, n),X/G) that satisfies u(P(n)) ⊂ X//G. In the case that G is a
torus acting on a finite dimensional complex vector space X, bundles on P(1, n) and
sections of the associated vector bundle can be classified explicitly, see Proposition
1.2 below.
A recent paper of Xu [49] complements our work. It proves similar results as
this paper for U(1)-vortices with fiber X = Cm using results of [7]. It also shows
a correspondence between compactifications of the space of affine vortices modulo
gauge on the one side and the space of gauged holomorphic maps over P1, that are
semistable at ∞.
The Hitchin-Kobayashi correspondence for affine vortices in Theorem 1.1 is partly
motivated by a certain quantization of the Kirwan map that arises in the study of
Gromov-Witten invariants of geometric invariant theory quotients. Namely Kirwan
[27] constructs a map from the equivariant cohomology HG(X,Q) to the cohomol-
ogy of the quotient H(X//G,Q). A Gromov-Witten generalization of [27] called the
quantum Kirwan map, suggested by Gaio-Salamon [18], maps the equivariant quan-
tum cohomology of X to the quantum cohomology of the quotient X//G. Salamon
and Ziltener [50] suggested to define the quantum Kirwan map by a count of affine
vortices. The papers of the second author [33], [46], [47] and [48] generalize the
manifolds for which this map is defined, by removing monotonicity and asphericity
assumptions on X. Also, the group action can have finite stabilizers on the zero-level
set of the moment map, i.e. the symplectic quotient can be an orbifold. This paper
is part of that project. It provides an algebraic description for the moduli space of
vortices, and from there, the quantum Kirwan map can be defined using Behrend-
Fantechi machinery. A very important result in this context is a compactification
for the space of affine vortices modulo gauge proved by Ziltener ([50], [51]).
An additional recent motivation arises from knot-invariants via vortex counting
conjectures of Dimofte, Gukov, and Hollands [13]. In these conjectures, the equi-
variant index (defined via localization) of the moduli space of affine vortices is con-
jectured to be a certain knot invariant. Our results allow the identification of the
moduli space of affine vortices with the quasimap spaces discussed in, for example,
Bertram, Ciocan-Fontanine, and Kim [3]. The space of matrix-valued vortices in
Example 1.3 appears as the relevant space of vortices for a torus knot in the vortex
counting conjectures of [13].
The proof of the Hitchin-Kobayashi correspondence for affine vortices uses a min-
imization technique for the vortex functional. In particular the first author proved
in [43] that the heat flow of the functional
(A,u) 7→ ‖∗FA +Φ(u)‖L2(Σ)
exists for all time on any compact Riemann surface Σ, possibly with boundary.
Using this result, the vortex equation on an affine line can be solved on a succession
CLASSIFICATION OF AFFINE VORTICES 5
of annuli of increasing sizes that exhaust the domain. We prove that this sequence
of vortices converges to a solution on the whole plane. This process involves a
number of complications, such as proving that the sequence of solutions on the balls
converges without bubbling.
We give some examples of the main result in the case of torus actions on vector
spaces. By Theorem 3.1, given a finite energy affine vortex (A,u) with bounded
image, it corresponds to a gauged holomorphic map over a principal K-bundle
P → P(1, n) in a sense defined in Section 3.1. The characteristic class [P ] of P
in H2(BK,Q) is a topological invariant of (A,u) (see Remark 2.5). If K is a torus
then H2(BK,Q) is isomorphic to the subset {λ ∈ k | ∃n ∈ Z, e
2πnλ = Id} of rational
elements k and we call the image of [P ] in k the degree of the vortex. In the following
Proposition, we classify affine vortices of fixed degree.
Proposition 1.2. (Classification of affine vortices in the toric case) Suppose that G
is a complex torus acting on a complex vector space X = Ck with weights ν1, . . . , νk ∈
g∨ contained in an open half space, and spanning g∨. Then, under the bijection in
Theorem 1.1 affine vortices of degree d ∈ k ⊂ g correspond to isomorphism classes
of tuples of polynomial maps u = (u1, . . . , uk) : C→ X satisfying
(a) the degree of uj is at most 〈νj , d〉 for each j = 1, . . . , k; and
(b) if
u(∞) :=
(
uj(∞) :=
{
u
(〈νj ,d〉)
j /〈νj , d〉! 〈νj , d〉 ∈ Z
0 otherwise
)k
j=1
denotes the vector of leading order coefficients (here u
(〈νj ,d〉)
j denotes the
〈νj , d〉-th derivative of uj) with integer exponents, then u(∞) ∈ X
ss.
Two such tuples are isomorphic if they are related by the action of G.
We defer the proof to the end of Section 4.
Example 1.3. (a) (Linear vortices) If X = C with ν1 = 1, then affine vortices
of class d correspond to polynomials of degree exactly d up to the action
of scalar multiplication, hence classified by their zeroes. This recovers the
Taubes [40], [24] result.
(b) (Matrix-valued vortices and Weil’s torsion quotients) If X = Mn(C), the
space of n × n matrices, and G = GLn acts by left multiplication, then
the semistable locus consists of invertible matrices and the action on the
semistable locus is free. Theorem 3.1 gives a classification of vortices accord-
ing to the following data: By Grothendieck’s theorem [22], any holomorphic
vector bundle on P1 splits as a sum of line bundles
P ×GLn(C) C
n ∼= OP1(λ1)⊕ . . .⊕OP1(λn), λ1 ≥ . . . ≥ λn
where OP1(λ) is the λ-th tensor power of the hyperplane bundle. The asso-
ciated X bundle is then P (X) = OP1(λ1)
⊕n ⊕ . . . ⊕OP1(λn)
⊕n. A section u
of P (X) may be viewed as a matrix-valued function on C. The semistability
condition at infinity is then the condition that the leading order terms of
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u form an invertible matrix. Thus u defines a morphism of sheaves which
is generically an isomorphism, providing a connection to Weil’s scheme of
torsion quotients considered in [3], [4], which [3] mentions was considered by
Weil to be the non-abelian analog of the symmetric product of the curve.
We briefly sketch the contents of the paper. Section 2 defines gauged holomorphic
maps and extends the definitions to the case when the base manifold Σ is an orbifold
P(1, n). Section 3 gives an analytic version of the main theorem and proves the first
part of the main theorem 3.1. Section 4 proves the second part. The proof relies
on removal of singularities at infinity for finite energy vortices with bounded image
which is proved in Section 5.
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post-doctoral fellow at Tata Institute of Fundamental Research, Bombay at the time
this paper was written. C.W. was partially supported by NSF grant DMS 1207194
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2. Background
In this section we introduce basic notation for gauged holomorphic maps and
vortices, especially gauged holomorphic maps on weighted projective lines.
2.1. Hamiltonian manifolds. We introduce the following notation for group ac-
tions. Let G be a complex reductive Lie group with maximal compact subgroup K,
so that G is the complexification of K. Let (X,ω, J) be a Ka¨hler manifold with
symplectic structure ω and complex structure J on which G acts holomorphically
and K acts symplectically. A moment map is a K-equivariant map Φ : X → k∨ such
that
(2) ι(ξX)ω = d〈Φ, ξ〉, ∀ξ ∈ k,
where ξX(x) =
d
dt exp(tξ)x|t=0 ∈ Vect(X) is given by the infinitesimal action of ξ
on X. The action of K is Hamiltonian if there exists a moment map Φ : X → k∨.
Since K is compact, k has an Ad-invariant metric. We fix such a metric and identify
k ≃ k∨, so the moment map becomes a map Φ : X → k. We assume X is equipped
with a Hamiltonian action and fix the moment map. In the rest of the paper, we
assume:
Assumption 2.1. The G-action on GΦ−1(0) has finite stabilizers.
If the underlying complex structure ofX has the structure of a polarized projective
or affine G-variety, the git quotient is defined by X//G := Xss/ ∼ where Xss is the
semi-stable locus and ∼ is the orbit closure relation. For details of the construction,
refer to [30] for the projective case and [26] for the affine case. A polarization of X
determines a moment map. By the Kempf-Ness [25] theorem and its generalization
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to affine varieties ([26, Theorem 6.1]), the quotient X//G is homeomorphic to the
symplectic quotient Φ−1(0)/K. Assumption 2.1 guarantees that the K action on
Φ−1(0) has finite stabilizers, and that Xss = GΦ−1(0). In case X is a Ka¨hler
manifold without an algebraic structure, we define the semistable locus as Xss :=
GΦ−1(0).
2.2. Connections and curvature. We begin with basic notions of connections,
curvature, and their behavior under gauge transformations. Let Σ be a Riemann
surface, equipped with a complex structure jΣ : TΣ→ TΣ and a volume form ωΣ ∈
Ω2(Σ) that induces a metric. Let P → Σ be a principal K-bundle. A connection
is a K-equivariant one-form A ∈ Ω1(P, k)K , that satisfies A(ξP ) = ξ for ξ ∈ k.
The space of connections A(P ) is an affine space modelled on Ω1(Σ, P (k)), where
P (k) = P ×K k is the adjoint bundle. In case P is the trivial bundle Σ ×K, there
is a trivial connection D, and the adjoint bundle has a trivialization P (k) ≃ Σ × k.
Then, the space of connections is
A(P ) = D+Ω1(Σ, k).
The curvature of a connection A is a two-form FA ∈ Ω
2(Σ, P (k)). In particular, on
a trivial bundle, for a connection A = D+a,
FA := da+ [a ∧ a]/2 ∈ Ω
2(Σ, k).
The curvature varies with the connection as
(3) FA+ta = FA + tdAa+
t2
2
[a ∧ a]
where dA is the associated covariant derivative on the adjoint bundle. A gauge
transformation is an automorphism of P that is an equivariant bundle map P → P .
Alternatively, it is a section of the bundle P ×K K → Σ, where K acts on itself
by conjugation. The group of gauge transformations on P is denoted K(P ). On
the trivial bundle Σ ×K, an element in K(P ) is a map from Σ to K. An element
k ∈ K(P ) acts on a connection A = D+a as
k(A) = D+(kdk−1 +Adk a).
Differentiating, we see that the infinitesimal action of ξ : Σ→ k on A is −dAξ.
2.3. Complex gauge transformations. We introduce notation for complex gauge
transformations. Associated to the principal K-bundle P → Σ, we have a principal
G-bundle PC := P ×K G on Σ. A complex gauge transformation is a G-equivariant
bundle automorphism PC → PC. The group of complex gauge transformations is
denoted by G(P ). It is equivalent to the space of sections g : Σ → P ×K G, where
K acts on G by conjugation. Recall that
(4) K × k→ G, (k, s) 7→ keis
is a diffeomorphism (see Helgason [23, VI.1.1]). So, a complex gauge transformation
g can be written as g = keiξ , where k ∈ K(P ) and ξ ∈ Lie(K(P )) = Γ(P (k)). We
next explain the action of G(P ) on the space of connections A(P ).
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Unitary connections determine holomorphic structures on fiber bundles as follows.
For any K-manifold X we have an associated fiber bundle P (X) over Σ, and the
connection A defines a connection on P (X) and hence a covariant derivative
dA : Γ(P (X))→
⋃
u∈Γ(P (X))
Ω1(Σ, u∗T vert(P (X))),
where T vert(P (X)) is the vertical part of the tangent bundle. For example on the
bundle Σ×X, writing A = D+a,
(5) dAu := du+ au ∈ Ω
1(Σ, u∗TX).
At a point z ∈ Σ, au(z) is the infinitesimal action of a(z) at u(z). If the fiber X
is also a complex manifold so that the K-action is holomorphic, then one obtains a
holomorphic structure on the associated fiber bundle P (X) by defining the the ∂A
operator by
∂A : Γ(Σ, P (X))→ Ω
0,1(Σ, u∗T vertP (X)), u 7→ (dAu)
0,1.
In particular, taking X = G produces a holomorphic G-bundle PC. Let C(P ) denote
the space of holomorphic structures on PC. The above construction yields a map
from A(P ) to C(P ). Conversely, given a holomorphic bundle PC, a choice of a section
σ : Σ→ PC/K gives a principal K-bundle P by pullback of the bundle PC → PC/K,
so that P is naturally a submanifold of PC. The intersection TP ∩ J(TP ) defines a
connection in TP [37]. The correspondence between connections and holomorphic
structures gives an infinitesimal isomorphism
TAA = Ω
1(Σ, P (k))→ TCC = Ω
0,1(Σ, P (g)), a 7→ a0,1.
The complex structure on C pulls back to a complex structure on A given by JAa =
a ◦ jΣ.
The identification between complex structures and connections is equivariant for
gauge transformations. The group of complex gauge transformations G(P ) acts on
the space of holomorphic structures C on PC by pull-back, and pulling back to A(P )
one obtains an action of G(P ) on A(P ) which extends the action of unitary gauge
transformations K(P ). For any ξ ∈ Γ(Σ, P (k)), the infinitesimal action of iξ on A
is −dAξ ◦ jΣ. Since Σ is a Riemann surface, the infinitesimal action of ξ can be
rewritten as
(6) (iξ)A(P ) = −dAξ ◦ jΣ = ∗dAξ.
2.4. Gauged holomorphic maps. Roughly speaking “gauging” an object means
introducing a connection into the picture. A gauged holomorphic map (A,u) from
P to X consists of a connection A and a section u of P (X) that is holomorphic
with respect to ∂A. The space of gauged holomorphic maps from P to X is denoted
H(P,X). We remark that here we are talking about K-gauged holomorphic maps,
which will be the default for this paper, as opposed to the G-gauged holomorphic
map defined in Section 1. A symplectic vortex is a gauged holomorphic map that
satisfies
(7) FA,u := ∗FA +Φ(u) = 0.
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In the case when Σ = C is equipped with the standard Euclidean metric, a solution
of (7) is called an affine vortex. The energy of a gauged holomorphic map (A,u) is
E(A,u) :=
∫
Σ
(|FA|
2 + |dAu|
2 + |Φ ◦ u|2)ωΣ.
For Σ = C, finite energy symplectic vortices with bounded image have good asymp-
totic properties (see [18, Section 11], [51]). The complexified gauge group acts on
H(P,X) diagonally: g(A,u) := (g(A), gu). This action preserves holomorphicity
(see [43]) but not the vortex equation unless the gauge transformation is unitary.
From the holomorphic viewpoint, a K-gauged holomorphic map (A,u) on a Rie-
mann surface Σ consists of a G-gauged holomorphic map (PC, u) and a section
σ : Σ → PC/K. The section σ provides a reduction of the structure group G to
K and yields a K-bundle P ⊂ PC. The holomorphic structure on PC determines a
connection A on P . This point of view is used in stating Theorem 1.1.
2.5. Gauge theory on weighted projective lines. In the Hitchin-Kobayashi cor-
respondence we wish to prove, gauged holomorphic maps on orbifolds play an im-
portant role. For orbifolds, we follow classical definitions of Satake [36]. In Satake’s
definition, composition of morphisms is ambiguous, but that issue does not arise
in our paper. Gauged holomorphic maps on orbifolds are similar to J-holomorphic
curves on orbifolds described in [9]. We will not repeat full definitions here, but
just describe what the definitions give in the specific case that the orbifold is the
weighted projective line. We begin with some notation for weighted projective lines.
For n a positive integer, P(1, n) is the quotient of C2−{0} by the action of C∗ with
weights 1, n. It is covered by two orbifold charts, U˜1 and U2 where U˜1 = U2 = C
mapping to P(1, n) as z 7→ [(1, z)] and z 7→ [(z, 1)] respectively. The equivalences
are :
z ∼ e2πi/nz z ∈ U˜1
z−n ∼ w 0 6= w ∈ U2, 0 6= z ∈ U˜1.
(8)
We refer to U˜1/ ∼ as U1. We denote by σn : U˜1 → U˜1, z 7→ e
2πi/nz the diffeomor-
phism giving the action of the generator of Zn. The orbifold P(1, n) has smooth
locus given by a copy of C, and if n 6= 1 has an “orbifold singularity” at ∞. More
precisely, the orbifold point is the quotient P(n) of C∗ by C∗ acting with weight n.
As a groupoid this is equivalent to the quotient of a point by Zn, that is, BZn.
Principal bundles on the weighted projective line can be defined via the clutching
construction as follows. For a more general definition of bundles on orbifolds, see [2].
An orbifold principal K-bundle P on P(1, n) is given by transition maps µ : U˜1 → K
and τ : U˜1\{0} → K that satisfy τ(σn(z)) = τ(z)µ(z)
−1.
P := ((U˜1 ×K)
⊔
(U2 ×K))/ ∼,
and the equivalence ∼ is given by
(z, h) ∼ (σnz, µ(z)h) (z, h) ∈ U˜1 ×K
(z, h) ∼ (w, τ(z)h) 0 6= z ∈ U˜1, w ∈ U2, w =
1
zn
, h ∈ K.
(9)
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Two orbifold bundles over P(1, n) given by transition functions (µ0, τ0) and (µ1, τ1)
are isomorphic if there exist smooth functions φ1 : U˜1 → K and φ2 : U2 → K
satisfying
φ−11 (σn(z))µ0(z)φ1(z) = µ1(z) ∀z ∈ U˜1
φ−12 (w)τ0(z)φ1(z) = τ1(z) ∀z ∈ U˜1, w ∈ U2, w = z
−n.
(10)
Note that the fiber over the singular point [0] ∈ U1 may not be K, but rather K/Zm,
where m is the order of µ(0). We remark in the case n = 1, µ can be chosen to be
Id and τ : C× → K is the standard transition function.
The clutching construction for bundles above is related to the classification of
principal bundles up to isomorphism. In the case without singularities, the set of
principal K-bundles P → P1 is in bijection with π1(K). This can be seen as follows:
the deformation retract of the transition map C∗ → K is a loop S1 → K, whose
homotopy class determines the bundle. The loop S1 → K can be deformed to a
geodesic loop θ 7→ eλθ, where λ ∈ k satisfies e2πλ = Id. In the case of orbifold
singularities, given a bundle P → P(1, n), the transition maps would now produce
a geodesic path θ ∈ [0, 2π] 7→ eλθ, λ ∈ k satisfies e2πnλ = Id, see Remark 2.3(b).
The isomorphism type of the bundle P is determined by the homotopy class of the
classifying path θ 7→ eλθ, that is, deformations keeping the endpoints Id and e2πλ
fixed or by applying Adk to the path for some k ∈ K. In this way one obtains
a bijection between isomorphism classes of K-bundles over P(1, n) and elements of
exp(2πin·)−1(1), up to conjugacy.
Connections on principal bundles can be described via their restriction to trivi-
alization associated to the clutching construction. A connection on P → P(1, n) is
given by connections on trivializations U˜1 ×K and U2 ×K that satisfy the equiva-
lences (9):
(a) The connection A|U˜1 satisfies
(11) σ∗nA = µ(A),
where µ acts on A as a gauge transformation.
(b) By the above condition, σ∗n(τ(A)) = τ(A) on U˜1\{0}, so τ(A) descends to
a connection on U˜1\{0}/Zn. We require that this descended connection is
A|U2\{0}.
We define gauge transformations in terms of the canonical atlas. A gauge transfor-
mation k on P consists of k˜1 = k|U˜1 : U˜1 → K and k2 = k|U2 : U2 → K satisfying
the equivalences (9):
(a) σ∗nk1 = µk1µ
−1 and
(b) τk1|U˜1\{0}τ
−1 descends to k2.
This description shows that the set of gauge transformations on a P → P(1, n) forms
a group K(P ) under composition.
Finally we describe gauged holomorphic maps on weighted projective lines. Let
P → P(1, n) be a principalK-bundle. A gauged holomorphic map (A,u) from P(1, n)
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to X consists of gauged holomorphic maps on the bundles U˜1×K and U2 ×K that
satisfy the equivalence conditions (9)
(a) (A,u)|U˜1 satisfies σ
∗
n(A,u) = µ(A,u) (viewing µ as a gauge transformation).
(b) By the above condition, σ∗n(τ(A,u)) = τ(A,u) on U˜1\{0}, so it descends to
a gauged holomorphic map on U˜1\{0}/Zn. We require that this descended
map is (A,u)|U2\{0}.
Holomorphic bundles on P(1, n) can be described in a similar way to the unitary
bundles. For holomorphic bundles, the transition functions µ : U˜1 → G and τ :
U˜1\{0} → G are holomorphic maps. Now any holomorphic principal bundle over
C is trivial (see [12, Remark 19.6]). So, the complex gauge equivalence class of a
gauged holomorphic map can be specified by u : U˜1 ⊔ U2 → X and the transition
functions τ and µ.
2.6. Standard form near infinity. In this section we show that we can complex
gauge-transform a gauged holomorphic map on a weighted projective line to a stan-
dard form near infinity. We identify the complement of the orbifold point in P(1, n)
with C, and let BR denote an open ball of radius R around 0.
Proposition 2.2. Suppose A is a connection on P → P(1, n). There is a complex
gauge transformation g ∈ G(P ), and a trivialization of P over C so that gA|C =
D+λdθ on C\BR for some R > 0, λ ∈ k satisfying e
2πnλ = Id. Conversely, if A is
a connection on C such that A = D+λdθ on C\BR, then it extends to a connection
on a principal bundle over P(1, n).
Proof. Let A be a connection on a principal bundle P → P(1, n). We can transform
A to a flat connection in a neighborhood of infinity by complex gauge transformation
as follows. Choose R1 > 0 and consider B2R1 ⊆ U˜1. By Theorem 6.3, there is a
unique s : B2R1 → k with s|∂B2R1 = 0, so that e
isA is a flat connection. By the
uniqueness of s and the symmetry of A (see (11)), the complex gauge transformation
eis is symmetric under the Zn action, i.e. s ◦ σn = Adµ s. Let η : U˜1 → [0, 1] be a
radially symmetric cut-off function that is 1 on BR1 and vanishes on U˜1\B2R1 . It is
easy to see that eiηs defines a complex gauge transformation g on all of P(1, n). The
connection gA is flat near infinity.
Next we do a further unitary gauge transformation so that the connection is
in standard form, working over U2. Let R = R
−n
1 . Choose a trivialization P |U2 →
U2×G so that gA is in radial gauge outside BR, and since gA is flat, gA = D+a(θ)dθ,
for some a : S1 → k. We now produce a gauge transformation k : U2 → K such that
kgA = D+λdθ for some λ ∈ k. Let k1 : [0, 2π] → K be the solution of
k−11 dk1
dθ
= a(θ), k1(0) = Id .
The path θ 7→ k1(θ) can be homotoped to a geodesic θ 7→ eλθ, λ ∈ k. Then, eλθk
−1
1 is
a gauge transformation on U2\BR that is homotopic to the identity and it transforms
gA to D+λdθ on U2\BR. By using a cut-off function, e
λθk−1 can be extended to a
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gauge transformation k on all of U2. The holonomy of kgA about infinity is e
2πλ.
Since g(A) has trivial holonomy for loops close to 0 in U˜1, we have e
2πnλ = Id.
For the converse, we construct a bundle P → P(1, n). Set µ = e−2πλ and τ = enλθ.
We are given A|U2 . A connection A|U˜1\{0} can be constructed using the transition
function τ . The connection A|U˜1\{0} is trivial on BR−n\{0} ⊆ U˜1\{0}, so it extends
smoothly to a connection on U˜1. 
Remark 2.3. (a) (Choice of orbifold singularity) Suppose A is a connection on
the trivial bundle C×K of the form mentioned in the above proposition, i.e.
A = D+λdθ on C\BR with e
2πλn = Id. We can extend A to a connection
on principal bundles not just over P(1, n), but also P(1,mn) for any positive
integer m.
(b) (Choice of standard form) In the lemma above, the infinitesimal holonomy λ
produces the classifying path for the bundle as θ 7→ eλθ. The choice of λ is
unique up to the action of AdK . In our description of bundles over P(1, n), the
homotopy class of this path can be recovered from the transition functions
µ, τ as the concatenation of the path θ ∈ [0, 2πn ] 7→ τ
−1(r, 0)τ(r, θ) and
t ∈ [−r, 0] 7→ µ(−t, 0). This is a continuous path because τ−1(r, 0)τ(r, 2πn ) =
µ(r, 0)−1.
The next result follows easily from Proposition 2.2.
Proposition 2.4. (Standard form near infinity for gauged holomorphic maps) Let
P → P(1, n) be a principal K-bundle and let (A,u) be a gauged holomorphic map
from P to X. There is a complex gauge transformation g on P and a trivialization
of P over C so that g(A,u) satisfies the following:
(a) There is a λ ∈ k so that gA = D+λdθ on C\BR for some R > 0. The
element λ satisfies e2πnλ = Id.
(b) There exists x ∈ X such that for any θ ∈ [0, 2π), limr→∞ e
−λθu(r, θ) = x and
e2πλx = x.
Conversely, any gauged holomorphic map from C×K to X that satisfies the above
conditions for some n extends to a map on P(1, n) for some principal bundle P →
P(1, n).
Remark 2.5. (Topological invariants of affine vortices) The second equivariant ho-
mology class of a gauged holomorphic map on P(1, n), [(P,A, u)] ∈ HK2 (X,Q) is ob-
tained by pushing forward the rational fundamental class of the domain [P(1, n)] un-
der a map P×KX → EK×KX given by a classifying map for P . It is a deformation
invariant of (P,A, u). By Theorem 3.1, one can also associate to any finite energy
affine vortex (A,u) a homology class [(P,A, u)]. The class [(P,A, u)] ∈ HK2 (X,Q) is
integral if the G action on Xss is free, n = 1. Consider the map
f : HK2 (X,Q)→ H
K
2 (point,Q) = H2(BK,Q).
The class [P ] := f∗([(P,A, u)]) determines the topology of the principal bundle
P → P(1, n). This topological information is precisely a choice of λ ∈ k satisfying
e2πnλ = Id modulo AdK (see Remark 2.3).
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2.7. Equivariant convexity. The notion of convexity for symplectic manifolds
first arose in work by Eliashberg and Gromov [17]. Convex symplectic manifolds
have similar properties to compact manifolds. This idea is extended to Hamiltonian
symplectic manifolds in Cieliebak et al. [10]. An important example of equivariantly
convex spaces are symplectic vector spaces with a linear group action and a proper
moment map.
Definition 2.6. A Ka¨hler manifold (X,ω, J) with a Hamiltonian K-action is equiv-
ariantly convex at infinity if there is a K-invariant proper function f : X → R≥0
and a value c0 such that if f(x) > c0, then
〈∇ξ∇f, ξ〉 ≥ 0 ∀ξ ∈ TxX, df(JΦ(x)X) ≥ 0.(12)
Here ∇f ∈ Vect(X) is the gradient vector field of f with respect to the metric
ω(·, J ·).
The above definition is equivalent to the definition in [10], where there is an
additional term 〈∇Jξ∇f, Jξ〉 in the left hand side of the first equation above. But,
when X is Ka¨hler ∇Jξ = J∇ξ so that term is equal to 〈∇ξ∇f, ξ〉. The condition
(12) implies that the image of a finite energy affine vortex with bounded image is
contained in the compact set {f ≤ c0} - see Proposition 11.1 in [18].
2.8. Sobolev Spaces. In this paper, most analytic proofs are carried out in Sobolev
completions of the spaces described above. We set down our conventions here. Let Σ
be a compact Riemannian manifold, possibly with a smooth boundary and E → Σ a
vector bundle. Fix a smooth covariant derivative ∇ on E. For any k ∈ Z≥0, p ∈ R>1
and a smooth section σ ∈ Γ(Σ, E), define a norm
‖σ‖∇W k,p :=
( k∑
i=0
∫
Σ
|∇iσ|p dvolΣ
)1/p
.
The norms for different choices of ∇ are equivalent, so ∇ is dropped from the nota-
tion. The space W k,p(Σ, E) is the completion of the space of smooth sections under
this norm. If Σ ⊂ Rn is an open subset whose boundary Σ\Σ is smooth in Rn,
then the same definition carries over, i.e. W k,p(Σ, E) := W k,p(Σ, E). Using such
norms one can define the Sobolev completion Ak,p(P ) of the space of connections
on a principal bundle, when (k+1)p > dimΣ. We can also define Sobolev spaces of
maps between manifolds W k,p(Σ,X) when kp > dimΣ. We refer to Appendix B of
the book [45] for details. We use the notation Hk :=W k,2 for any k ∈ Z.
Sobolev spaces can be defined when the value of the exponent k is negative. For
k ≥ 0, letW k,p0 (Σ, E) be the completion of the space of compactly supported smooth
sections C∞0 (Σ, E) under the W
k,p norm. Also, let p′ := pp−1 and assume that the
bundle E has a Riemannian metric g. Then,
‖σ‖W−k,p := sup
σ′∈W k,p
′
0
(Σ,E)
∫
(σ, σ′)g dvolΣ .
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Then, W−k,p(Σ, E) is the completion of smooth sections under the dual norm of
W k,p
′
0 . It is the dual of the space W
k,p′
0 (Σ, E) under the L
2-pairing of sections.
The operator
d :W−k,p(Σ, P (k))→ W−k−1,p(Ω1(Σ, P (k)))
is bounded because it is obtained by dualizing
d∗ :W k+1,p0 (Ω
1(Σ, P (k))) →W k,p0 (Σ, P (k)).
Combining this observation with the Sobolev multiplication Theorem (Proposition
6.2) we see that for p > dimΣ, the curvature of an Lp connection is a distributional
two-form in W−1,p. Using these weak connections, a weak version of vortices can be
defined. Let Σ be a compact Riemann surface (possibly with a smooth boundary)
and (A,u) lie in (Lp×W 1,p)(Σ) for some p > 2. For such a pair, the vortex equation
holds in a weak sense if FA,u vanishes in W
−1,p, i.e. for all ξ ∈ W 1,p0 (Σ, P (k)), we
have
∫
Σ〈FA,u, ξ〉 = 0. If (A,u) is a vortex weakly, the energy of (A,u) is well-defined
because the curvature FA is equal to −Φ(u) dvolΣ which is in C
0.
3. From holomorphic maps to vortices
3.1. Statement of main theorem. We prove a slightly refined version of the main
result Theorem 1.1 relating affine vortices to gauged holomorphic maps from orbifold
lines. This requires the following analytic definition: Fix p > 2. We call a gauged
holomorphic map (A,u) on P → P(1, n) p-bounded if it is smooth on C and on
BR˜ ⊂ U˜1, which is a neighborhood of ∞, (A,u)|BR˜ ∈ L
p×W 1,p. A (complex) gauge
transformation on P is p-bounded if it is smooth on C and inW 1,p in a neighborhood
of ∞. Denote by G(P )bd the group of p-bounded complex gauge transformations.
By the Sobolev embedding theorem, any p-bounded (A,u) resp. g is continuous and
so u(∞) resp. g(∞) is well-defined. The following is the analytic version of the main
result of the paper.
Theorem 3.1. Suppose X is a Ka¨hler manifold with Hamiltonian action of a com-
pact Lie group K, and X is either compact or equivariantly convex at infinity with
a proper moment map. Let G be the complexification of K, and suppose G action
on Xss has finite stabilizers. Let n be an integer such that for any x ∈ Xss, |Gx|
divides n. Fix 2 < p < 2(1 + 1n).
(a) Let (A,u) be a gauged holomorphic map from a principal bundle P → P(1, n)
that satisfies u(∞) ∈ Xss. There is a p-bounded complex gauge transfor-
mation g ∈ G(P )bd such that g(A,u)|C is a smooth finite energy symplectic
vortex with bounded image. Furthermore, g is unique up to left multiplication
by a p-bounded unitary gauge transformation.
(b) Conversely, given any finite energy symplectic vortex with bounded image,
there is a unique (up to isomorphism) K-bundle P → P(1, n) so that (A,u)
extends to a p-bounded gauged holomorphic map on P . There is a p-bounded
complex gauge transformation g ∈ G(P )bd so that g(A,u) is smooth over
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P(1, n). The gauged holomorphic map g(A,u) is unique up to complex gauge
transformations in G(P ).
Remark 3.2. (Relating the statements of Theorem 1.1 and Theorem 3.1) With our
new notations, the statement of Theorem 1.1 can be completed as follows. The
section σ : P(1, n)→ PC/K is smooth on C ⊂ P(1, n) and inW
1,p in a neighborhood
of ∞.
We now explain how Theorem 1.1 follows from Theorem 3.1. Given a gauged
holomorphic map (PC, u), choose any smooth section σ : P(1, n) → PC/K. The
choice of σ is equivalent to the choice of a K-bundle ι : P →֒ PC. The resulting
unitary object (A,u) is a gauged holomorphic map defined on P . Let g ∈ G(P )bd
be the complex gauge transformation produced by Part (a) of Theorem 3.1. Then,
the inclusion g ◦ ι : P →֒ PC corresponds to a section of PC/K that satisfies the
conclusions of Theorem 1.1.
In this section, we prove the first part of Theorem 3.1. The second part is proved
in Section 4.
3.2. The heat flow. In this subsection, we state some relevant results about heat
flow from the work of the first author [43]. Let On closed surfaces a result of
Mundet [31] produces a vortex from a gauged holomorphic map satisfying a stability
condition. We will use an alternative method of producing this gauge transformation
using the heat flow from the work of the first author [43]. Let c0 denote the minimal
norm of the moment map on the unstable locus,
(13) c0 = inf{|Φ(x)| : x ∈ X, |Kx| =∞}.
By assumption 2.1, c0 > 0.
Theorem 3.3. (Heat flow for gauged holomorphic maps [43, Theorem 4.4.1]) Let Σ
be a compact Riemann surface without boundary and (A0, u0) is a gauged holomor-
phic map on a principal bundle P → Σ. In addition, assume that (A0, u0) satisfies
E(A0, u0) ≤ c
2
0 vol(Σ). Then, there is a complex gauge transformation g = e
iξ,
ξ ∈W 2,p(Σ, P (k)) (for any p > 2) such that g(A,u) is a vortex. Up to unitary gauge
equivalence, g(A,u) is the unique vortex in the complex gauge orbit of (A,u).
This result is obtained by studying the gradient flow of (A0, u0) in the space of
gauged pairs on Σ under the vortex functional
(A,u) 7→ ‖FA,u‖
2
L2(Σ), FA,u := ∗FA +Φ(u).
The trajectory of the flow t 7→ (At, ut) lies in the complex gauge orbit of (A0, u0)
and it converges to a critical point of the functional. The bound on the energy of
(A0, u0) ensures that the critical point corresponds to F = 0, i.e. it is a vortex
and that the limit is also in the complex gauge orbit of (A0, u0). The flow has the
property of decreasing energy. This is seen by the following energy identity.
Lemma 3.4. (Cieliebak et al. [11]) Let Σ be a compact Riemann surface without
boundary and P a principal K-bundle on it. A pair (A,u) ∈ A(P ) × Γ(Σ, P (X))
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satisfies
1
2
∫
Σ
|F (A)|2 + |Φ ◦ u|2 + |dAu|
2 dvolΣ
=
∫
Σ
|∂Au|
2 +
1
2
| ∗ FA +Φ(u)|
2 dvolΣ+〈ωX − Φ, u〉,
(14)
where 〈ωX − Φ, u〉 =
∫
Σ u
∗ω − d〈Φ(u), A〉.
The pairing 〈ωX − Φ, u〉 is a topological invariant of (A,u) and is preserved by the
flow. Since ‖F(At,ut)‖
2
L2 decreases with time t, the same is the case with the energy
E(At, ut).
We recall several other results about gauged holomorphic maps on Riemann sur-
faces with boundary needed for the proof of Theorem 3.1 (a). The first one says
that any gauged holomorphic map which is an approximate solution to the vortex
equations may be complex gauge transformed into one.
Proposition 3.5. ([43, Proposition 4.3.1]) Let p > 2. Suppose Σ is a compact
connected Riemann surface with a smooth boundary. Let (Ai, ui) ∈ H(P,X)Lp×W 1,p
be a sequence and (A∞, u∞) ∈ H(P,X)Lp×W 1,p be such that Ai → A∞ in L
p and
there is a finite set Z ⊆ Σ so that ui → u∞ in C
0 on compact subsets of Σ\(Z∪∂Σ).
Also, Fi := ∗F (Ai) + u
∗
iΦ → 0 in W
−1,p. Then, there exist constants C and i0 so
that for i > i0, there is a complex gauge transformation exp iξi, ξi ∈ W
1,p
0 (Σ, P (k))
so that (exp iξi)(Ai, ui) is a vortex and satisfies ‖ξi‖W 1,p < 8C‖Fi‖W−1,p.
The next result we will need is Proposition 4.3.3 in [43]. Roughly it says that
in a complex gauge orbit, there is at most one vortex up to gauge. The proof is
reproduced, because it will be useful in understanding the corresponding result for
affine vortices.
Proposition 3.6. Let p > 2 and Σ be a compact connected Riemann surface with
a smooth boundary. Let (A0, u0), (A1, u1) ∈ L
p ×W 1,p be vortices on a principal
bundle P → Σ that are related by a complex gauge transformation g ∈ G1,p(P ),
i.e. (A1, u1) = g(A0, u0) and assume g(∂Σ) ⊆ K. Then, (A0, u0) and (A1, u1) are
gauge-equivalent, i.e. g ∈ K1,p(P ).
Proof. After a gauge transformation, we can assume (A1, u1) = e
iξ(A0, u0), where
ξ ∈ Γ(Σ, P (k))1,p and ξ|∂Σ = 0. Let (At, ut) := e
itξ(A0, u0). We know FA0,u0 =
FA1,u1 = 0 weakly. For ξ|∂Σ = 0,
d
dt
∫
Σ
〈∗FAt,ut, ξ〉 =
∫
Σ
〈d∗AtdAtξ + u
∗
tdΦ(J(ξ)ut), ξ〉k
= ‖dAtξ‖
2
L2 +
∫
Σ
ωut((ξ)ut , J(ξ)ut) ≥ 0.
The inequality is strict for non-zero ξ. So, ξ = 0 and (A0, u0) and (A1, u1) are
gauge-equivalent. 
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3.3. Elliptic regularity for gauged holomorphic maps. This section contains
some results related to elliptic regularity for vortices and gauged holomorphic maps
required in the proof of Theorem 3.1 (a). Most of these lemmas are similar to
results already present in the literature. We include them here, because we require
extensions to slightly lower regularity spaces.
Lemma 3.7. (Gromov convergence for vortices [34], [51]) Let p > 2 and Σi be a
sequence of precompact sets exhausting a Riemann surface Σ,
Σ1 ⋐ Σ2 ⋐ · · · ⋐ Σ,
⋃
i
Σi = Σ.
Suppose for each i, (Ai, ui) is a smooth vortex on Σi,
sup
i
E(Σi, (Ai, ui)) <∞
and there is a compact set S ⊂ X containing the images of all the ui. Let Z denote
the set of points z for which there is a sequence zi → z in Σ such that |dAiui(zi)| → ∞
as i → ∞. Then, the set Z is finite and after passing to a subsequence, there
are gauge transformations ki ∈ H
2(Σi,K) and a finite energy vortex (A∞, u∞) ∈
H1loc ×H
2
loc over C such that
(a) kiAi ⇀ A∞ in H
1, and strongly in Lp, on compact subsets of Σ.
(b) ui ⇀ u∞ in H
2, and strongly in W 1,p and C0, on compact subsets of Σ\Z.
Proof. This lemma is a combination of results in [51] and [34]. We provide an outline
of the proof. The bounded energy condition implies a curvature bound
‖F (Ai)‖L2(Σi) < c
for all i. By Uhlenbeck’s theorem for non-compact domains (Theorem A’ in [45]),
after passing to a subsequence, there are gauge transformations ki ∈ H
2(Σi) and a
limit connection A∞ on the trivial bundle Σ ×K such that kiAi ⇀ A∞ in H
1 on
compact subsets of Σ.
We first prove convergence on compact sets for bounded first derivatives. On a
compact set Q ⊂ Σ, if there is a bound on ‖dAiui‖Lp(Q), then a subsequence of kiui
converges weakly in H2(Q). To see this, write kiAi = D+ai. Since all the ui map
to a compact set and ai is bounded in L
p, (ai)ui is also bounded in L
p, hence there
is an Lp(Q) bound on d(kiui). This implies kiui converges weakly in W
1,p(Q) and
strongly in C0 to a limit u∞ (see Theorem B.4.2 in [29]). By Lemma 3.8 below,
after passing to a subsequence kiui ⇀ u∞ in H
2(Q). A standard diagonalization
argument shows that there is a subsequence that works for all compact subsets Q.
In the absence of a first derivative bound, one has bubbling. As in Ott [34],
there is a finite set Z ⊂ Σ where bubbling occurs. That is, after passing to a
subsequence, ‖dAiui‖Lp(Q) is bounded on compact subsets Q ⊂ Σ\Z. There is
a map u∞ : Σ\Z → X such that kiui converges weakly to u∞ in H
2(Q) for all
compact subsets Q ⊂ Σ\Z. The map u∞ extends to a continuous map on Σ. Since
we are in the Ka¨hler case, this has a much easier proof than that in Ott [34]: Choose
z0 ∈ Z and a small neighborhood U ⊂ Σ so that U ∩ Z = {z0}. By Lemma 4.3,
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there is a complex gauge transformation g ∈ H2(U) →֒ C0(U) such that gA∞ is
the trivial connection. Complex gauge transformations preserve holomorphicity, so
∂(gu∞) = 0 on U\{z0}, gu∞ is smooth on U\{z0} and the image gu∞(U\{z0})
is contained in a compact set. By the removable singularity theorem of complex
analysis ([39, Theorem 3.1]), we have gu∞ extends smoothly over z0. Therefore u∞
extends over z0 as an H
2 map, and so u∞ ∈ H
2
loc. 
The following elliptic regularity result (Theorem 3.1 in Cieliebak et al.[10]) is
standard, but we provide a self-contained proof.
Lemma 3.8. (Elliptic regularity for gauged holomorphic maps) Let s ≥ 1 be an
integer, p > 2, Σ ⊆ C be a pre-compact open set with smooth boundary and (Ai, ui)
be a sequence of gauged holomorphic maps on Σ such that Ai ⇀ A∞ in H
s(Σ) and
ui ⇀ u∞ in W
1,p(Σ), then ui ⇀ u∞ in H
s+1(Σ′), for any compact set Σ′ that is
contained in int(Σ).
Proof. The proof is by induction on s. We first assume the result for some s > 1
and prove it for s + 1. Note that it suffices to work locally in X: Choose an atlas
X = ∪αVα such that Vα is bi-holomorphic to an open subset of C
N . Since ui → u∞
in C0, we can find a finite cover Σ = ∪βUβ such that for ui(Uβ) is contained in a
single Vα for large i. So, now we can think of ui as mapping to C
N .
In each chart we apply a combination of Sobolev multiplication and regularity
theorems. As in [10], write Ai = D+Θidx+Ψidy, where Ψi, Θi ∈ H
s(Σ, k) and the
holomorphicity equation for (Ai, ui) is
−∂ui = (Θi)ui + JX(Ψi)ui .(15)
See (5) for the notation (Θi)ui . We know that both Ai and ui weakly converge
in Hs, so Ψi, Θi and ui are uniformly bounded in H
s. We next show that (Θi)ui
and (Ψi)ui are uniformly bounded in H
s. For this, define an operator Lx for every
x ∈ X,
(16) Lx : k→ TxX, ξ 7→ ξX(x).
The function L : X → Hom(k, TX) ≃ Hom(k,CN ) given by x 7→ Lx is smooth. So,
given u : Σ→ X, we obtain a section
L(u) := L ◦ u ∈ Γ(Σ,Hom(k, u∗TX)) ≃ Γ(Σ,Hom(k,CN )).
The term (Θi)ui can be seen as a product (Θi)ui = L(ui)Θi. In the following
discussion, the constant c indicates a constant that is independent of i, whose value
varies across appearances. Since L is smooth, ‖L(ui)‖Hs(Uα) < c for all i, α. By
Sobolev multiplication (Proposition 6.2), for s > 1,
(17) ‖L(ui)Θi‖Hs(Uα) ≤ c‖L(ui)‖Hs(Uα)‖Θi‖Hs(Uα).
By holomorphicity (15), ‖∂ui‖Hs(Uα) < c for all i, α. By elliptic regularity for curves
in CN ,
‖ui‖Hs+1(U ′α) ≤ c(‖∂ui‖Hs(Uα) + ‖ui‖L2(Uα)).
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where U
′
α ⊆ Uα and c depends on Uα, U
′
α. By choosing U
′
α such that they cover Σ
′,
we obtain a uniform bound on ‖ui‖Hs+1(Σ′) and so, after passing to a subsequence,
ui ⇀ u∞ in H
s+1(Σ′).
It remains to prove the result for s = 1. The Sobolev multiplication step (17) is
not applicable for s = 1. Instead, we now have a bound ‖L(ui)‖W 1,p(Uα) < c and
then by the Sobolev multiplication theorem (Proposition 6.2),
‖L(ui)Θi‖H1(Uα) ≤ c‖L(ui)‖W 1,p(Uα)‖Θi‖H1(Uα).
The rest of the proof of Lemma 3.8 is same as the s > 1 case. 
Lemma 3.9. (Regularity for vortices) Let p > 2. Given a finite energy vortex
(A,u) ∈ (Lploc×C
0)(C) on the trivial bundle C×K, there is a gauge transformation
k ∈W 1,ploc (C) such that k(A,u) is smooth on C.
Proof. We first carry out the proof for the closure Σ of a bounded open subset with
smooth boundary in C. The proof is by induction. We first deal with the case when
(A,u) has high enough regularity. We assume (A,u) ∈ (Wm,p×Wm+1,p)(Σ), where
mp > 2. The idea of the proof is to find a smooth reference connection A0 and put
A is Coulomb gauge with respect to A0 by a gauge transformation k ∈ W
m+1,p.
Writing kA = A0 + α, we have d
∗
A0α = 0. Since u ∈ W
m+1,p(Σ), Φ(ku) is also in
the same class and by the vortex equation FkA ∈W
m+1,p(Σ) →֒Wm,p(Σ). Writing
(18) dA0α = FkA −
1
2
[α ∧ α] =⇒ dA0α ∈W
m,p.
So, we have α ∈Wm+1,ploc (Σ\∂Σ) and so, kA ∈W
m+1,p
loc (Σ\∂Σ). By elliptic regularity
(similar to proof of Lemma 3.8, see (15)), we haveWm+2,ploc control over ku on Σ\∂Σ.
This procedure can be applied inductively to gauge transform (A,u) to a smooth
vortex on Σ\∂Σ.
Now, we discuss the case when (A,u) has lower regularity than what is required
in the previous paragraph, i.e. when A ∈ Lploc. As earlier, it is possible to gauge
transform A to a connection in Coulomb gauge (see [45, Theorem 8.3]) with respect
to a nearby connection A0, i.e. there exists k ∈W
1,p(Σ,K) such that kA = A0 + α
and d∗A0α = 0. However, the next step (18) requires that mp > 2, which fails when
(A,u) ∈ Lploc ×C
0. The regularity of α is brought up by a bootstrapping procedure
using the equation in (18). First assume 2 < p < 4. Set q0 := p. There exists m
and a sequence 2 < q0 < · · · < qm−1 ≤ 4, qm > 4 such that
q0 = p, qi <
2qi−1
4− qi−1
i ≥ 1.
Suppose α ∈ Lqi . Then, by Ho¨lder’s inequality [α∧α] ∈ Lqi/2. Since ku is in C0, the
term Φ(ku) is also in C0, and by the vortex equation FkA is in C
0, hence also in Lqi/2.
Bootstrapping using (18), we get α ∈W 1,qi/2 →֒ Lqi+1. By repeating this procedure,
we end up with α ∈ Lqm. If p > 4, then m is equal to 0 in the above discussion,
and we straightaway have α ∈ Lqm . Using (18) one more time, we get α ∈W 1,qm/2.
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By elliptic regularity (similar to proof of Lemma 3.8, see (15)), u ∈W
2,qm/2
loc (Σ\∂Σ).
Now, the inductive step of the previous paragraph is applicable.
The proof extends to all of the complex line via an exhaustion argument carried
out in Proposition 77 in [51], which carries over to this case with lower regularity. 
3.4. Proof of Theorem 3.1(a). We now present the proof of the main result The-
orem 3.1(a) modulo some technical results which are deferred to the following sub-
sections.
Proof. (Proof of Theorem 3.1 (a)) Starting from a stable gauged holomorphic map,
we first produce a sequence of vortices on exhausting subsets of the complex line,
which has a limit modulo bubbling that is a finite energy affine vortex. Given a stable
gauged holomorphic map (A,u) defined on a principal bundle P over P(1, n) (resp.
P1), we may assume that u(∞) ∈ Φ−1(0). Since u(∞) ∈ Xss, this condition can be
achieved by a complex gauge transformation. This preliminary step is to simplify
arguments later in the proof. We now apply Proposition 3.10 below to obtain a
sequence of vortices (Ai, ui) defined on the annuli A(1/Ri, Ri) (resp. balls BRi) that
satisfy (Ai, ui) = gi(A,u) where gi ∈ H
2(BRi) is a complex gauge transformation.
The sequence converges in the sense of Proposition 3.10 to a finite energy affine
vortex (A∞, u∞). We remark that from the output of Proposition 3.10, we replace
giki by gi and drop ki from our notation in this proof.
In the remainder of the proof, we will show that the limit vortex is complex
gauge equivalent to every vortex in the sequence. We first construct the necessary
complex gauge transformation outside a large ball. Since (A∞, u∞) has finite energy
and bounded image, by Proposition 4.2, Φ(u∞(z))→ 0 as z →∞. So we can choose
an R > 0 such that u∞(C\BR) ⊆ X
ss and Z ⊆ BR. After possibly passing to
a subsequence, we have ui(C\BR) ⊆ X
ss. Using Lemma 3.16, after passing to a
subsequence again, gi has a limit g∞ ∈W
1,p
loc . In particular, we have
gi → g∞ in W
1,p(Q,G) for all compact subsets Q ⊂ C\BR.
We remark that in the case that the G-action on Xss is free, the proof of this
statement is more straightforward and does not require Lemma 3.16: Observe that
by Assumption 2.1, semistable orbits are relatively closed in Xss. This implies that
for all x ∈ C\BR, the points ui(x) and u∞(x) are in the same G-orbit. By the free
action, there is a unique g∞ as above. Further the W
1,p convergence of the maps ui
in compact subsets of C\BR implies a similar convergence of the sequence gi to g∞.
By Lemma 3.17, we have
(19) (A∞, u∞) = g∞(A,u) on C\BR.
The limit gauge transformation produced outside the ball extends to inside the
ball. By Proposition 3.15, the gauge transformation g∞ extends to all of C while
satisfying (A∞, u∞) = g∞(A,u) on C. The complex gauge transformation g∞ is in
W 1,ploc (C).
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We emphasize that the above argument shows there is no bubbling, i.e. Z = ∅
and in the orbifold case 0 is not a singular point. By the conclusion of Proposition
3.15, the sequence (Ai, ui) which is equal to gi(A,u) converges to g∞(A,u) weakly in
(Lp×W 1,p)(BR), and this limit is same as (A∞, u∞). So, the quantity ‖dAiui‖Lp(BR),
which is gauge invariant, is uniformly bounded for all i. By Proposition 78 in [51],
modulo gauge transformations, the sequence (Ai, ui) converges smoothly to a limit
vortex on compact subsets of int(BR). This implies that |dAiui|L∞ is uniformly
bounded on a small compact neighborhood of Z, which contradicts the characteri-
zation of Z in Proposition 3.10. So there is no bubbling, that is, the bubbling set Z
is empty.
We next show that the complex gauge transformation g∞ needed to make the
pair into a vortex has the claimed regularity, that is, g∞ is p-bounded on the bundle
P over the weighted projective line. Using Lemma 3.9, we can modify g∞ by a
gauge transformation in W 1,ploc , so that g∞(A,u) is smooth. By applying Lemma
3.18 in neighborhoods in C, we conclude that g∞ : C → G is smooth. Write
g∞ = k∞e
iξ∞ . In the beginning of the proof, we assumed Φ(u(∞)) = 0. We also have
limr→∞ u∞(r, θ) ∈ Φ
−1(0) for any θ. This implies that ξ∞(r, θ)→ 0 as r →∞. The
complex gauge transformation eiξ∞ on P is smooth on C and continuous at ∞. We
now show that eiξ∞ ∈ G(P )bd. Given the finite energy vortex e
iξ∞(A,u), Theorem
3.1(b) shows that the vortex extends to a gauged holomorphic map over a principal
K-bundle P ′ → P(1, n). (The proof of part (b) of the theorem is independent of part
(a)). The bundles P and P ′ are isomorphic by the following argument. The limit
u(∞, θ) := limr→∞ u(r, θ) is well-defined and satisfies u(∞, θ) = k(θ)u(∞, 0) for a
path k : [0, 2π] → K, where k(0) = Id and k(2π)n = Id. By Remark 2.3, the bundle
P is uniquely determined by the path k. The bundle P ′ is analogously determined
by a path given by eiξ∞u, this path is same as k. Since eiξ∞(A,u) is a p-bounded
gauged holomorphic map on P , eiξ∞u is in W 1,p on a neighborhood of∞ in U˜1, and
so the same is true of ξ∞, therefore e
iξ∞ ∈ G(P )bd.
To finish the proof Theorem 3.1 (a), it remains to show that the vortex eiξ∞(A,u)
is unique up to gauge transformations. This is proved separately in Proposition 4.5
using Theorem 3.1 (b). 
3.5. Producing a limit modulo bubbling. The main result of this section is
Proposition 3.10, which can be described informally as follows. We choose a sequence
of balls, or annuli in the orbifold case, that exhaust the complex line. Given a stable
gauged holomorphic map on the weighted projective space, there exists a sequence of
gauge transformations that transform the gauged holomorphic map to a sequence of
vortices on these increasing balls (resp. annuli). This sequence of vortices converges
modulo bubbling to a limit vortex defined on all of the complex line.
Proposition 3.10. (A limit modulo bubbling) Suppose (A,u) is a stable gauged
holomorphic map defined on a principal K-bunde P → P(1, n). Let p > 2 and
Ri →∞ be an increasing sequence, with R1 ≥ 2. We denote by A(1/Ri, Ri) ⊂ C an
annulus of radii 1/Ri and Ri.
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(a) There exists a sequence of complex gauge transformations gi ∈ H
2(BRi , G)
such that the restriction of (Ai, ui) := gi(A,u) to the annulus A(1/Ri, Ri) is
a vortex whose energy is uniformly bounded. The curvature ‖FgiA‖L2(B1/Ri )
is also uniformly bounded.
(b) Let Z be the set of points z ∈ C\{0} for which there is a sequence zi → z
such that |dAiui(zi)| → ∞ as i → ∞. Then, the set Z is finite and there
exists a sequence of gauge transformations ki ∈ H
2(BRi ,K) and a vortex
(A∞, u∞) ∈ (H
1
loc ×H
2
loc)(C) such that
(1) kiAi converges to A∞ weakly in H
1, and strongly in Lp on compact
subsets of C.
(2) kiui converges to u∞ weakly in H
2 and strongly in W 1,p on compact
subsets of C\(Z ∪ {0}).
The vortex (A∞, u∞) has finite energy and bounded image.
We outline the proof of Proposition 3.10, starting with the manifold case. In this
case, the stable gauged holomorphic map is defined on the projective line. We use a
sequence of metrics that interpolate between the Euclidean metric on the affine line
and the Fubini-Study metric. In particular, the sequence of metrics is constructed
so that the sequence of increasing balls in the Proposition respectively have the
Euclidean metric on them. With respect to each metric in the sequence, one can
apply the heat flow result Theorem 3.3 to the given gauged holomorphic map. For
most (all but finite) metrics in the sequence, the limit of the heat flow is a vortex
under the respective metric. The sequence of vortices, when respectively restricted
to the sequence of increasing balls, satisfies the necessary energy bound, and hence
we obtain the convergence in the sense of part (b) of Proposition 3.10.
We remark that in the case that the git quotient X//G is a manifold, a slightly
weaker result suffices for the proof of Theorem 3.1: The elements of the sequence
(Ai, ui) can be taken to be vortices on the balls BRi , instead of annuli. The set
Z of bubbling points would then be a subset of C, not of C\{0}. The additional
curvature bound ‖FgiA‖L2(B1/Ri
would not be required. In part (b), the convergence
of the sequence kiui would be in compact subsets of C\Z.
In the orbifold case, we start with a stable gauged holomorphic map defined on
the weighted projective line. The proof differs in this case because the heat flow
does not apply when the base space is an orbifold. To get around this issue we work
on a cover of the weighted projective line that is ramified at the origin. The cover
is bi-holomorphic to the projective line. Unfortunately, the lift of the Euclidean
metric to this cover degenerates at the ramification point. We construct a sequence
of metrics by interpolating between the Fubini-Study metric near infinity, a lift of
the Euclidean metric on a sequence of increasing annuli and the Euclidean metric
scaled by a factor near the origin. Repeating the heat flow process produces a
sequence of vortices on the increasing annuli. The sequence converges in the sense
of the Proposition on the complex line punctured at the origin. Additional technical
details are required to remove the singularity at the origin for the limit vortex.
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∞
Figure 1. The metric dvolR on P
1
Definition 3.11. (Ramified cover of the orbifold line) We denote by P˜ an n-cover
of P(1, n) that is ramified at 0. The cover P˜ is bi-holomorphic to the projective line
P1 and the covering map is
π : P˜→ P(1, n) [x : y] 7→ [xn : y].
To see that this map is well-defined, recall that P(1, n) can be defined as
P(1, n) := (C2\{0})/ ∼, (x, y) ∼ (λnx, λy) ∀λ ∈ C×.
It is useful to have chart-based description of P˜. Recall P(1, n) is constructed using
two charts U˜1 and U2 (see (8)). The cover P˜ is made up of charts U˜1, U˜2. The
projection π : U˜2 → U2 := w 7→ w
n is an n-cover ramified at 0. We consider π∗(A,u)
and perform all the following steps maintaining symmetry under the Zn-action.
Next, we describe a family of metrics on the cover of the weighted projective line
that agrees with a lift of the Euclidean metric on a sequence of exhausting subsets.
The Euclidean area form on C ⊂ P(1, n) pulls back to an area form
dvolorb = n
2(|x|2 + |y|2)n−1dx ∧ dy
on C ⊂ P˜. In case n > 1, the corresponding metric degenerates at the origin. We
define a metric dvolR that is dependent on a parameter R > 0 (see (21)) and is equal
to dvolorb on the annulus A(1/R,R) of radii 1/R and R, it is equal to the Fubini-
Study metric in a neighborhood of ∞ and a Euclidean metric in a neighborhood of
0. The modification near the origin is to remove the degeneracy of the metric.
Definition 3.12. (A family of metrics on the orbifold line) Let η : C → [0, 1] be a
radially symmetric cut-off function that is 1 in the unit ball B1 and 0 on C\B2. For
any R > 0, define a cut-off function
(20) ηR : C→ [0, 1] ηR(x) := η(x/R).
Let dvolEuc denote the Euclidean metric on C ⊂ P˜ and dvolFS be the Fubini-Study
metric on P˜. For any R > 2, define a metric on dvolR on P˜ as
dvolR := (1− ηR) dvolFS +ηR(1− η1/2R) dvolorb+η1/2Rn
2R−2n+2 dvolEuc
=
( 1− ηR
(1 + x2 + y2)2
+ ηR(1− η1/2R)n
2(x2 + y2)n−1 + η1/2Rn
2R−2n+2
)
dx ∧ dy,
where (x, y) are Euclidean coordinates on C ⊂ P˜.
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We remark that in case the git quotient is a manifold, n = 1, the family of metrics
simplifies to
(21) dvolR := (1− ηR) dvolFS +ηR dvolEuc =
(
1− ηR
(1 + x2 + y2)2
+ ηR
)
dx ∧ dy.
The family of metrics described above satisfies the following uniform bound:
Lemma 3.13. Let Ω, B ⊂ P˜ be small open neighborhoods of 0 and ∞ respectively.
Suppose fR : P˜ → R≥0 be given by the relation dvolR = fR dvolFS. There exists a
constant c such that
|fR| ≤ c on Ω, c
−1 ≤ |fR| on B, c
−1 ≤ |fR| ≤ c on P˜\(Ω ∪B).
Proof. To prove the first relation, suppose Ω is contained in a ball of size r about 0.
Consider values of R for which R > r > 1R . On Ω, ηR = 1. So, we can write
dvolR := (1− η1/2R) dvolorb+η1/2Rn
2R−2n+2 dvolEuc
=
(
(1− η1/2R)n
2(x2 + y2)n−1 + η1/2Rn
2R−2n+2
)
dx ∧ dy.
We introduce another function gR := fR(1+x
2+y2)−2 on Ω, so that dvolR = gRdx∧dy.
Then, gR ≤ n
2r2n−2 on Ω, therefore there is an upper bound on fR also.
Next, consider the second relation. Suppose r is such that B is contained in P˜\Br.
Consider values of R such that 1R < r. On B, the term η1/2R is 0, then,
dvolR = (1− ηR) dvolFS +ηR dvolorb
=
( 1− ηR
(1 + x2 + y2)2
+ ηRn
2(x2 + y2)n−1
)
dx ∧ dy,
Since dvolFS is smaller than dvolorb on B, we have fR ≥ 1.
The last relation follows from the fact that for large enough R, the metric dvolR
is equal to dvolorb on P˜\(Ω ∪B). 
The following is a preparatory result required to prove the main result of this
section (Proposition 3.10). It says that given a stable gauged holomorphic map on
a weighted projective line, it can be complex gauge transformed in a way that its
energy is uniformly bounded with respect to the family of metrics described above.
Proposition 3.14. Let (A,u) be a gauged holomorphic map defined on a principal
bundle P → P(1, n), and suppose u(∞) ∈ Xss. Then there exists a smooth complex
gauge transformation g ∈ G(P ) such that
(22) sup
R
ER(π
∗(g.(A,u))) <∞.
Here π : P˜→ P(1, n) is the projection and ER is the energy of the gauged holomorphic
map with respect to the metric dvolR on P˜.
Proof. We first find a smooth g ∈ G(P ) such that
FgA ≡ 0 in a neighborhood of 0, Φ(gu) ≡ 0 in a neighborhood of ∞.(23)
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For the first condition, we use Theorem 6.3 on a neighborhood Ω of 0 in P(1, n).
This produces a unique element s : Ω → P (k) satisfying s|∂Ω ≡ 0 such that e
isA
is a flat connection on Ω. The element s is smooth by Lemma 3.18. By taking Ω
to be a neighborhood of 0, and using a cut-off function, we can produce g1 ∈ G(P )
that makes the connection flat in a neighborhood of 0 and g1 is identity away from
this neighborhood. For the second condition Φ(gu) = 0, observe that there is a
neighborhood B of ∞ in P(1, n) that is mapped by u to Xss. For any x ∈ Xss,
there is a unique s ∈ k such that Φ(eisx) = 0, and s varies smoothly with x. Let
B˜ := π−1(B) ⊂ U˜1 be the lift of B. We work with the trivialization of P over U˜1
as in (11). There exists ξ : B˜ → k such that Φ(eiξu) ≡ 0 on B˜. Recall u satisfies
Zn-equivariance u ◦ σn = µu. The uniqueness of ξ implies
(24) ξ ◦ σn = Adµ ξ.
By using a cut-off function, ξ can be extended to all of U˜1 so that it vanishes away
from B˜ and still satisfies the symmetry relation (24). The element g := g1e
iξ satisfies
the conditions in (23), by construction.
Using Lemma 3.13, we compare the R-dependent metric with the Fubini-Study
metric. Conformally rescaling the metric by a scalar-valued function greater than
one has the effect of decreasing the L2 norm of the two-form FA and increasing the
L2 norm of the zero-form Φ(u). The L2 norm of the one-form dAu is independent
of the metric. By (23) we have that for any R,
ER(π
∗(g.(A,u))) < cEFS(π
∗(g.(A,u))
where EFS denotes the energy defined using the Fubini-Study metric. Hence the
complex gauge transformation g satisfies the bound (22). 
Proof. (Proof of Proposition 3.10 when the git quotient is a manifold) The proof of
the first part of the proposition is by applying the heat flow Theorem 3.3 on the given
stable gauged holomorphic map with respect to a sequence of metrics described in
(21). Given a gauged holomorphic map (A,u) on a principal bundle P → P1 that
satisfies u(∞) ∈ Xss, by Proposition 3.14 we can assume
(25) ER(A,u) < e0 ∀R > 0,
where ER is the energy with respect to the metric dvolR. As R increases, the
volume volR(P
1) increases to infinity. So, there exists r0 such that ER(A,u) ≤ e0 ≤
c20 volR(P
1) for all R ≥ r0, where c0 is as defined in (13). By dropping some initial
terms of the given sequence {Ri}, we have Ri ≥ r0 for all i. Theorem 3.3 is applicable
for the gauged holomorphic map (A,u) on P1 with respect to the metric dvolRi . By
Theorem 3.3, (A,u) is complex gauge equivalent to a vortex (Ai, ui) with respect to
the metric dvolRi via a complex gauge transformation gi ∈ G(P )W 2,p . On the ball
BRi , (Ai, ui) is a vortex with respect to the Euclidean metric. By modifying each gi
by a gauge transformation on BRi , we may assume that (Ai, ui) is smooth on BRi
(by [10, Theorem 3.1]). This finishes the proof of part (a) of the Proposition 3.10.
We now have a sequence of gauged holomorphic maps on the projective line whose
restriction to a sequence of exhausting subsets of the complex line is a vortex with
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respect to the Euclidean metric. We show that the restrictions of the sequence of
maps on these subsets satisfy the hypothesis for the Gromov convergence result
(Lemma 3.7). The gauged maps (Ai, ui) are all homotopic to each other, so they
have the same equivariant homology class [u] ∈ HK2 (X). Then, by [10, Lemma 2.7],
there is a compact set S ⊂ X that contains the images of all the ui. The pair
(Ai, ui), when restricted to BRi , is a vortex with respect to the Euclidean metric. It
satisfies E(Ai, ui, BRi) ≤ ERi(Ai, ui,P
1) ≤ ERi(A,u,P
1) ≤ e0. The first inequality
follows from the definition of the metric dvolRi , the second one from the fact that
heat flow decreases energy (see Lemma 3.4) and the last one follows from (25).
The proof of the Proposition can be completed by applying Gromov convergence
for vortices (Lemma 3.7). The sequence {(Ai, ui)} is a sequence of vortices on
BRi , which exhaust C. The sequence satisfies an energy bound, so Lemma 3.7
is applicable. So, there is a subsequence of (Ai, ui) (still denoted by the same
subscripts), a sequence of gauge transformations ki ∈ H
2(BRi), a finite set Z ⊆ C
and a finite energy vortex (A∞, u∞) on C so that kiAi ⇀ A∞ in H
1 on compact
subsets of C and kiui ⇀ u∞ in H
2 on compact subsets of C\Z. 
Proof. (Proof of Proposition 3.10 when the git quotient is an orbifold.) We work
with a lift of the given stable gauged holomorphic map to the ramified cover of
the weighted projective line. We first state some symmetry properties of this lift.
Suppose (A,u) is the given gauged holomorphic map (A,u) on a principal bundle
P → P(1, n). The lift of this map to the bundle π∗P → P˜ is denoted (A˜, u˜). A
trivialization of the bundle P → P(1, n) on the charts U˜1, U2 (see (9)) lifts to a
trivialization of π∗P → P˜ on U˜1 and U˜2. We fix such a trivialization. On the chart
U˜2 ≃ C ⊂ P˜, the lift (A˜, u˜) is symmetric under the Zn-action, or in other words (A˜, u˜)
is preserved by 2πn -rotations of the domain. On the trivialization over U˜1 ≃ P˜\{0},
we have σ∗n(A˜, u˜) = µ(A˜, u˜).
We now produce a sequence of vortices on a sequence of exhausting annuli. We
also prove energy bounds in this sequence so that Gromov convergence is applicable.
We define another increasing sequence R˜i := R
1/n
i , and remark that the annulus
A(1/Ri, Ri) in P(1, n) lifts to the annulus A(1/R˜i, R˜i) in P˜. By Proposition 3.14,
we can assume
ER˜(A˜, u˜, P˜) < e0 ∀R˜ > 0,
where ER˜ denotes the energy with respect to the dvolR˜ metric. As in the case when
the git quotient is a manifold, after dropping some terms in the sequence {R˜i},
we may assume that ER˜i(A˜, u˜) ≤ e0 ≤ c
2
0 volR˜i(P˜), which ensures that Theorem
3.3 is applicable. Using Theorem 3.3, we get a sequence of complex gauge trans-
formations eiξ˜i ∈ W 2,p(G(π∗P )) such that eiξ˜i(A˜, u˜) are dvolR˜i-vortices on P˜. The
starting energy ER˜i(A,u) is bounded and heat flow decreases energy (see Lemma
3.4). Therefore, the elements in the sequence eiξ˜i(A˜, u˜) have bounded energy with
respect to the metric dvolR˜i . Further, the gauged maps e
iξ˜i(A˜, u˜) are homotopic to
each other, so by [10, Lemma 2.7], there is a compact set S ⊂ X that contains the
images of the maps eiξ˜i u˜. By Theorem 3.3, the element ξ˜i is unique, so the complex
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gauge transformation eiξ˜i is symmetric under the Zn action, and descends to the
weighted projective line, we denote ξi := π∗ξ˜i. The same is therefore true of the
pair eiξ˜i(A˜, u˜), and it descends to the pair eiξi(A,u) defined on P(1, n). The metric
dvolR˜i descends to the Euclidean metric on the annulus A(1/Ri, Ri) ⊂ P(1, n), so
eiξi(A,u) is a vortex with respect to the Euclidean metric on this annulus with an
energy bound:
(26) E(eiξi(A,u);A(1/Ri, Ri)) =
1
n
EdvolR˜i
(eiξ˜i(A˜, u˜);A(1/R˜i, R˜i)) ≤ e0/n.
However, in the neighborhood of the origin, we do not have control over the L2
norm of the curvature with respect to the Euclidean metric. We apply Proposition
3.19 to the sequence eiξ˜i(A˜, u˜) on P˜. This gives a sequence of H2 complex gauge
transformations eis˜i on P˜ supported in the balls B1/R˜i that are Zn-symmetric and
satisfy the following: if si := π∗s˜i : C → k, then the curvature norms ‖FeisieiξiA‖L2
are uniformly bounded. Part (a) of Proposition 3.10 is proved by the complex gauge
transformations gi := e
isieiξi : BRi → G. Set (Ai, ui) := gi(A,u) on BRi . Since si is
supported in B1/Ri , on the annulus A(1/Ri, Ri), (Ai, ui) = gi(A,u) is still a vortex
that satisfies
(27) E(Ai, ui;A(1/Ri, Ri)) ≤ c, ‖FAi‖L2(B1/Ri )
≤ c.
We apply Gromov convergence on the sequence of vortices constructed above
that are defined on a sequence of exhausting annuli. Combining the equations in
(27), we get a uniform bound on the energy of the connections ‖F (Ai)‖
2
L2(BRi )
. By
Uhlenbeck compactness for non-compact domains ( [45, Theorem A’]), after passing
to a subsequence, there is a sequence of gauge transformations ki ∈ H
2(BRi) and a
connection A∞ on the trivial bundle C×K such that kiAi ⇀ A∞ in H
1 in compact
subsets of C. We apply Lemma 3.7 to the sequence of vortices on domainsBRi\B1/Ri .
The Lemma implies that there is a finite set Z ⊂ C\{0} and a finite energy limit
vortex (A∞, u∞), where A∞ is the limit connection found earlier and u∞ is defined
on C\{0} such that kiui ⇀ u∞ in H
2 on compact subsets of C\(Z ∪ {0}).
To finish the proof of the Proposition, it remains to remove the singularity of the
limit map at the origin. Choose a small positive number r > 0. The pair (A∞, u∞)
is a vortex on Br\{0}. Since the image kiui(Br\BRi) is contained in a compact set
S ⊂ X for all i, the image of u∞ is also contained in S. By Lemma 4.3, there is a
complex gauge transformation g ∈ H2(Br) such that gA∞ is the trivial connection.
Complex gauge transformations preserve holomorphicity, so ∂(gu∞) = 0 on Br\{0}
and the image gu∞(BR\{0}) is contained in a compact set. Further gu∞ is smooth.
By the removable singularity theorem of complex analysis, the map gu∞ extends
smoothly over 0, and hence u∞ extends over 0 as a H
2 map. 
3.6. Finding complex gauge transformations to relate nearby vortices.
Given a sequence of converging vortices on a ball in the complex plane that are
in the same complex gauge equivalence class, we address the question of whether
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the limit modulo bubbling of the sequence is also in the same complex gauge equiv-
alence class. As part of the hypothesis, we are given that the limit is in the same
complex gauge equivalence class in an annulus. In particular the limit is determined
by a limit complex gauge transformation. In the following proposition we extend the
limit complex gauge transformation to the entire ball. If one naively tries to take
the limit of complex gauge transformations generating the sequence of vortices, one
is obstructed by (a) the bubbling points (represented by Z below) and (b) points in
a semistable orbit coverging to an unstable point in the closure of the orbit.
Proposition 3.15. Let 0 < r < R and Br ⊂ BR ⊂ C be open balls of radii r
and R. Let Z ⊂ Br be a finite set and (Ai, ui) be a sequence of vortices in class
(Lp ×W 1,p)(BR) that satisfy the following.
(a) The sequence (Ai, ui) converges to a vortex (A∞, u∞) ∈ (L
p ×W 1,p)(BR) in
the following sense:
Ai
Lp(BR)
−−−−−→ A∞, ui
W 1,p(Q)
−−−−−→ u∞ for all compact subsets Q ⊂ BR\Z.(28)
(b) There are complex gauge transformations gi ∈W
1,p(BR, G) such that gi(A0, u0) =
(Ai, ui).
(c) There is also a complex gauge transformation g∞ : BR\Br → G such that gi
converges to g∞ in W
1,p(BR\Br) and (A∞, u∞) = g∞(A0, u0) on BR\Br.
(d) For all i, including i =∞, ui(BR\Br) ⊂ X
ss.
Then, the complex gauge transformation g∞ can be defined on all of BR in a way that
(A∞, u∞) = g∞(A0, u0) and the sequence gi converges to g∞ weakly in W
1,p(BR).
Proof. In Step 1 and 2 of the proof, we adjust the sequence of vortices, via a sequence
of small complex gauge transformations, to produce a new sequence of vortices that
are equal to each other on the boundary upto unitary gauge equivalence. Then,
in Step 3, we show that the vortices in the new sequence, which still has the same
limit, are related to each other by unitary gauge transformations. Finally, in Step
4, by a gauge theoretical argument, we find a limit of the unitary gauge transfor-
mations, that indeed corresponds to the limit vortex. Let N(∂BR) denote a closed
neighborhood of ∂BR disjoint from Br.
Step 1: There exists a sequence of complex gauge transformations g′i ∈W
1,p(BR, G),
each of whose terms is respectively equal to g∞g
−1
i on N(∂BR) and is equal to Id
on Br. Further g
′
i → Id in W
1,p(BR, G). Consequently, the gauged holomorphic
maps (A′i, u
′
i) := gi(Ai, ui) are equal to (A∞, u∞) on N(∂BR) and (A
′
i, u
′
i) is equal
to (Ai, ui) on Br.
By the hypothesis of the proposition, g∞g
−1
i converges to Id in W
1,p(BR\Br). So,
for large i, the image of g∞g
−1
i is contained in a neighborhood of Id where the
exponential map e : g → G is injective. This means we can write eζi = g∞g
−1
i ,
where ζi : BR\Br → g. Let η : BR → [0, 1] be a cut-off function that is equal to
1 in a neighborhood of ∂BR and is equal to 0 on Br. The required complex gauge
transformations are g′i := e
iηζi .
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Step 2: There exists a sequence ξi ∈ W
1,p(BR, k) so that ξi|∂BR = 0 and the
gauged holomorphic maps (A′′i , u
′′
i ) := e
iξi(A′i, u
′
i) are vortices on BR. Further ξi → 0
in W 1,p(BR, k).
This result is obtained by applying Proposition 3.5 on the sequence (A′i, u
′
i) defined
on BR. First we check the hypothesis. The convergence of (Ai, ui) in (28) together
with the condition g′i → Id in W
1,p(BR, G) guarantees that the following is true:
A′i
Lp(BR)
−−−−−→ A∞, u
′
i
W 1,p(Q)
−−−−−→ u∞ for all compact subsets Q ⊂ BR\Z.(29)
We also have FA′i,u
′
i
(recall terminology from (7)) converges to 0 in W−1,p. This is
because (A′i, u
′
i) is a vortex on Br and on BR\Br, the convergence follows using (29)
and the fact that Z ⊂ Br. Step 2 is proved by the conclusions of Proposition 3.5.
Step 3: The vortices in the sequence (A′′i , u
′′
i ) are unitary gauge equivalent to
each other.
The vortices (A′′i , u
′′
i ) are complex gauge equivalent to each other, in particular, on
BR,
(A′′i , u
′′
i ) = hi(A0, u0), where hi := e
iξig′igi ∈W
1,p(BR, G).
By the construction of g′i in Step 1, we know that g
′
igi is equal to g∞ in N(∂BR).
Together with the fact that ξi|∂BR = 0, we can say that hih
−1
j (∂BR) ⊂ K for any
i, j. But then, by Proposition 3.6, the vortices are gauge equivalent, in particular
hih
−1
j (BR) ⊂ K for all i, j.
Step 4: Finishing the proof.
First, we claim that A′′i → A∞ in L
p(BR). This follows from the convergence of Ai,
g′i and ξi in the spaces L
p, W 1,p and W 1,p respectively, and by using the continuous
action of G(P ) on A(P ) (see Lemma 6.4). We can write (A′′i , u
′′
i ) = h
′
i(A
′′
0 , u
′′
0) and we
know from Step 3 that h′i = hih
−1
0 and that it is a unitary gauge transformation. By
a standard gauge theoretic argument (Lemma 6.5), after passing to a subsequence
h′i ⇀ h
′
∞ in W
1,p(BR) (and strongly in C
0), A∞ = h
′
∞A
′′
0. This implies that the
sequence u′′i , which is same as h
′
iu
′′
0, converges to h
′
∞u
′′
0 weakly in W
1,p(BR). Also,
u′′i converges inW
1,p to u∞ on compact subsets of BR\Z, so u∞ = h
′
∞u
′′
0 . Therefore,
on BR, using Figure 2,
(A∞, u∞) = h
′
∞(A
′′
0 , u
′′
0) = h
′
∞e
iξ0g′0g0(A0, u0).
To finish the proof, we show that the complex gauge transformation h′∞e
iξ0g′0g0 is the
weak W 1,p(BR) limit of the sequence gi. Working in the weak W
1,p(BR)-topology,
we can write
h′∞e
iξ0g′0g0 = lim
i
h′ie
iξ0g′0g0 = lim
i
(eiξig′igi)h
−1
0 e
iξ0g′0g0 = lim
i
(eiξig′igi).
Since the terms g′i and e
iξi converge to Id in W 1,p(BR), we have proved that
h′∞e
iξ0g′0g0 is the weakW
1,p(BR)-limit of the sequence gi. So, g∞ := h
′
∞e
iξ0g′0g0 is an
extension of the limit complex gauge transformation to all of BR and g∞(A0, u0) =
(A∞, u∞). 
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(Ai, ui) (A
′
i, u
′
i) (A
′′
i , u
′′
i )(A0, u0)
(A′′0, u
′′
0)
eiξi
h′i
gi g
′
i
hi
Figure 2. Complex gauge transformations used in proof of Propo-
sition 3.15.
3.7. Some results involving complex gauge transformations. The follow-
ing sequence of Lemmas 3.16 - 3.18 were used in the proof of Theorem 3.1 (a).
Lemma 3.16 says that a sequence of converging complex gauge equivalent maps to
the semistable locus, after passing to a subsequence, is generated by a converging
sequence of complex gauge transformations.
Lemma 3.16. (Converging maps are related by converging complex gauge trans-
formations) Suppose Σ ⊆ C be the closure of a bounded open subset with smooth
boundary and let maps ui : Σ → X
ss converge in Wm,p to u∞ : Σ → X
ss for some
m, p satisfying mp > 2. Assume further that the maps are related by complex gauge
transformations i.e. there exist gi ∈ W
m,p(Σ, G) such that ui = giu0. Then, after
passing to a subsequence gi converges to a limit g∞ in W
m,p and g∞u0 = u∞.
Proof. Locally, the Lemma is proved by using a slice of the group action on the
target space. Let x ∈ X//G and y ∈ π−1G (x). We use a Gy-invariant slice V ⊂ X
ss
containing y such that there is a diffeomorphism G×Gy V → GV . So, G×V → GV
is a |Gy|-cover. Suppose U ⊂ Σ is such that u∞(U) ⊂ V , ui(U) ⊂ V for large i.
Choose lifts u˜i = (g˜i, vi) : U → G × V so that g˜
−1
i g˜j = g
−1
i gj|U . Since ui → u∞,
a subsequence of u˜i converges in W
m,p
loc . (This is because: G × V → GV is a local
diffeomorphism and has smooth inverses locally.) So, g˜i converges and consequently
gi converges to a limit g∞ : U → G. The set Σ can be covered by a countable number
of sets of the form of U . Working with the chosen cover of Σ, by successively passing
to subsequences and using a diagonalization argument, we obtain a limit g∞ on all
of Σ. By the smooth action of G on Xss, we get u∞ = g∞u0. 
The next Lemma shows that for two gauged holomorphic pairs whose image lies
in the semistable locus, if the maps are related by a complex gauge transformation,
then the same is true of the connections also.
Lemma 3.17. Let Σ ⊂ C and (Ai, ui) be vortices on Σ for i = 1, 2 such that
ui(Σ) ⊂ X
ss. Suppose there is a complex gauge transformation g : Σ→ G such that
gu1 = u2. Then, gA1 = A2.
Proof. The proof relies on the free infinitesimal action of the group on the target
space of the maps.
kx ∩ Jkx = {0}.(30)
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Let a := gA1 − A2. Since both (gA1, u2) and (A2, u2) are holomorphic, we have
∂gA1u2 − ∂A2u2 = a
0,1
u2 = 0. Write a = axdx + aydy, ax, ay : Σ → k. Then,
ax(u2) + Jay(u2) = 0 and by (30), a = 0 on Σ. 
Lemma 3.18. (Regularity of complex gauge transformations) Let k ∈ Z≥0 and
p > 1 be such that kp > 2. Let Σ be a compact Riemann surface and P → Σ be
a principal K-bundle, and let PC := P ×K G be the associated G-bundle. Suppose
A ∈ A(P ) is a smooth connection and g ∈ G(P )k,p a complex transformation such
that gA is also smooth. Then g is smooth.
Proof. We use the relation on PC: ∂gA = g ◦ ∂A ◦ g
−1. The difference a := gA − A
is smooth and
∂gA − ∂A = a
0,1 = g∂A(g
−1) = −(∂Ag)g
−1.
Therefore a0,1g = −∂Ag. The smoothness of g follows by elliptic bootstrapping. 
3.8. A technical result. The result presented in this section is required only in the
case of an orbifold git quotient and is used in the proof of Proposition 3.10 above. In
transforming a stable gauged holomorphic map to an affine vortex, we recall that our
first step was to produce a sequence of vortices on a sequence of exhausting annuli.
This was done using heat flow on a ramified cover of the weighted projective line.
The lift of the Euclidean metric on the affine line degenerates at the ramification
point, which is chosen to be 0. So the sequence of metrics used to run the heat flow
is altered near the origin, the new sequence is called dvolR. The result of heat flow
is a sequence of dvolR-vortices. Now, when the norm of the curvature is taken with
respect to the lift of the Euclidean metric, it is no longer bounded. Therefore, the
dvolR-vortices have to be altered by a sequence of complex gauge transformations
supported near the origin. This alteration, carried out in the Proposition below,
makes the L2 norm of the curvature bounded with respect to the lift of the Euclidean
metric. This is useful in removing the singularity of the limit vortex at the origin.
Proposition 3.19. Let Ri → ∞ be an increasing sequence and R˜i := R
1/n
i . Let
(A˜i, u˜i) be a sequence of dvolR˜i-vortices on the K-bundle π
∗P → P˜ that are sym-
metric under the Zn-action, whose energies are bounded and there is a compact set
that contains the images of the maps u˜i. There exist complex gauge transformations
eis˜i ∈ W 2,ploc (G(π
∗P )) that are symmetric under the Zn-action, are equal to identity
on P˜\B1/R˜i and for which
sup
i
‖Fπ∗(eis˜i A˜i)‖L2(BRi )
<∞.
The complex gauge transformations satisfy ‖s˜i‖C0(B1/Ri ,k)
< c.
Proof. We explain the strategy of the proof. The Euclidean metric on the affine line
in P(1, n) corresponds to the orbifold metric dvolorb on the cover P˜. For the given
sequence of vortices, the curvature norm is bounded with respect to the dvolR˜i met-
ric, which near the origin is bigger than the orbifold norm. Rescaling the metric by
a factor smaller than one has the effect of increasing the L2 norm of the curvature (a
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two-form). The Proposition is proved by a sequence of complex gauge transforma-
tions that make the connection flat in a small neighborhood (with radius of 1/2R˜i)
of zero.
We first produce the sequence of complex gauge transformations. We are working
on balls in P˜ about the origin with radius 1/R˜i. But, since we need uniform bounds
on the sequence of complex gauge transformations, it is necessary to use the same
domain to construct each element of the sequence. This is done by dilating the
domains to a ball of constant radius. For any R > 0, let B˜R ⊂ U˜2 be the ball of
radius R centered at 0 in P˜. Let
σR : B˜1 → B˜1/R x 7→ x/R
be the dilation map. In the proof of this Proposition, c will denote a constant that
is independent of i, whose value may vary across appearances. In this proof, we
use the symbol “≈” in the following sense: for two real non-negative i-dependent
quantities A, B, we say A ≈ B if there exist constants c1 and c2 independent of i
such that c1A ≤ B ≤ c2A. We have
‖σ∗
R˜i
F (A˜i)‖L2(B˜1) =
1
R˜i
‖F (A˜i)‖
Euc
L2(B˜
1/R˜i
)
≈ R˜−2n+1i ‖F (A˜i)‖
dvolR˜i
L2(B˜
1/R˜i
)
= R˜−2n+1i ‖Φ(ui)‖
dvolR˜i
L2(B˜
1/R˜i
)
≤ cR˜−3n+1i .
(31)
For the second equality, we use the fact that in this region, dvolRi is the Euclidean
metric scaled by a factor of R−2n+2i times a positive function with values between 1
and 22n−2. The third equality follows from the fact that (A˜i, u˜i) is a dvolR˜i-vortex.
For the last inequality, we observe that the images of ui are contained in a compact
subset of X and hence there is a C0 bound on Φ(ui), so the bound on the L
2
norm has a factor of the square-root of the volume of the domain. By Uhlenbeck’s
local theorem ([42, Theorem 2.1]), for large i, we can now choose a trivialization
corresponding to each connection σ∗
R˜i
A˜i, under which the connection matrices are
uniformly bounded and are invariant under the Zn-action, i.e.
(32) ‖σ∗
R˜i
A˜i‖H1(B˜1) ≤ cR˜
−3n+1
i .
We remark that this requires a symmetric version of the local theorem that given a
symmetric connection, there exists a symmetric gauge transformation that puts the
connection in Coulomb gauge. The symmetric version can be proved in a straight-
forward way by going through the steps of the proof of the local theorem. By Lemma
4.3 and Remark 4.4, there is a constant c such that for large enough i, there exists
ξ˜i ∈ H
2(B˜1/R˜i , k) such that ξ˜i|∂B1/R˜i
= 0, the connection eiξ˜i(A˜i) is flat and
(33) ‖σ∗
R˜i
ξ˜i‖H2(B˜1) ≤ c‖σ
∗
R˜i
F (A˜i)‖L2(B˜1) ≤ cR˜
−3n+1
i .
By the uniqueness of ξ˜i, it is symmetric under the Zn-action. The bound (33) implies
a C0 bound
(34) ‖ξ˜i‖C0 ≤ cR˜
−3n+1
i ,
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and this bound is independent of metric. We cut-off eiξ˜i outside a ball of radius
1/R˜i and define s˜i := η1/2R˜i ξ˜i, where the cut-off function η1/2R˜i is as defined in (20).
The required sequence of complex gauge transformations is eis˜i . The elements of
the sequence inherit the C0 bound on ξ˜i from (34).
We show that the curvature bound in the Proposition is satisfied with the complex
gauge transformations eis˜i chosen above. We continue to work with the dilated
quantities σ∗RA˜i, σ
∗
Rs˜i defined on the unit ball B˜1 ⊂ P˜. The H
2 bound on σ∗Rξ˜i
implies
(35) ‖σ∗
R˜i
s˜i‖H2(B˜1) ≤ cR˜
−3n+1
i .
For large i, the estimate in Lemma 6.4 is applicable for the action of the complex
gauge transformations σ∗
R˜i
s˜i on the connections σ
∗
R˜i
A˜i. Using (35) and (32) along-
with Lemma 6.4, we can conclude
‖σ∗
R˜i
(eis˜iA˜i − A˜i)‖H1(B˜1) < cR˜
−3n+1
i .
The curvature map H1 ∋ A 7→ FA ∈ L
2 is continuous. So,
‖σ∗R(Feis˜i A˜i − FA˜i)‖L2(B˜1) ≤ c‖σ
∗
R˜i
(es˜iA˜i − A˜i)‖H1(B˜1) < cR˜
−3n+1
i .
In the above equation, the contribution of quadratic terms involving the connection
can be ignored by adjusting the constant c, because the term es˜iA˜i − A˜i has small
norms for large i and so, the quadratic term is domainated by the linear term.
Combining with (31), we get
(36) ‖σ∗RFeis˜i A˜i‖L2(B˜1) < cR˜
−3n+1
i .
Finally we transport the bound on the curvature on B˜1 to the ball BRi ⊂ P(1, n).
The quantities s˜i and A˜i are symmetic under the Zn-action, so they descend via π∗
to P(1, n). Define
si := π∗s˜i, Ai := π∗A˜i.
We recall that π maps the ball B˜R˜i to BRi in P(1, n). By construction of si, the
connection eisiAi is flat in B2−n/Ri . So,
‖FeisiAi‖
Euc
L2(B1/Ri )
= ‖FeisiAi‖
Euc
L2(A(2−n/Ri,1/Ri))
= ‖Feis˜i A˜i‖
dvolorb
L2(A(1/2R˜i,1/R˜i))
≈ R˜2n−2i ‖Feis˜i A˜i‖
Euc
L2(A(1/2R˜i,1/R˜i))
= R˜2n−1i ‖σ
∗
RFeis˜i A˜i‖
Euc
L2(A(1/2,1)) ≤ cR˜
−n
i = cR
−1
i .
The second equality in the above estimate is based on the fact that the Euclidean
metric on P(1, n) lifts to the metric dvolorb on P˜. For the third equality, we observe
that the metric dvolorb is equal to the metric R˜
−2n+2
i dvolEuc multiplied by a scalar
function that takes values between 1 and 22n−2. We remark that if the annulus
were replaced by a ball we would not have an upper bound for that multiplicative
factor. Finally, the inequality is the result of applying (36), concluding the proof of
Proposition 3.19. 
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4. From vortices to holomorphic maps
In this section, we prove Theorem 3.1 (b). The main tool used is the following
result on the asymptotic behavior of a finite energy vortex (A,u) on C, which is a
slight generalization of a result of Ziltener [52].
Proposition 4.1. (Exponential Decay for Vortices) Suppose the G-action on Xss
has finite stabilizers and the quotient X//G is compact. Let n be a positive integer
such that for any x ∈ Xss, the order of the stabilizer group |Gx| divides n. Let
(A,u) be a finite energy vortex on C\B1 with target X whose image is contained in
a compact subset of X. Then, for every ǫ > 0, there is a constant C such that
|FA(z)|
2 + |dAu(z)|
2 + |Φ(u(z))|2 ≤ C|z|−2−
2
n
+ǫ, ∀z ∈ C\B1.(37)
The norms are taken with respect to the standard Euclidean metric on C.
Ziltener [52] proves this result for n = 1, in Section 5, we explain how it generalizes
to the case when X//G is an orbifold. The following is a conclusion of Proposition
4.1. The proofs appear in Section 5.
Proposition 4.2. (Removal of singularity for vortices at infinity) Assume the setting
of Proposition 4.1. Further, assume that the restriction of A in radial gauge to the
circle {|z| = r} ≃ S1 is D+adθ, for r ≥ 1. For any p > 2 that satisfies p < 2
1− 1
n
in
case n > 1 and 0 < γ < 1n − 1+
2
p , there exist a constant c, a point x0 ∈ Φ
−1(0) and
a gauge transformation k0 ∈W
1,p([0, 2π],K) such that
(38) lim
r→∞
max
θ∈[0,2π]
d(x0, k0(θ)u(re
iθ)) = 0, ‖k−10 ∂θk0 + a(r, ·)‖Lp([0,2π],K) < cr
−γ .
The gauge transformation k0 can be chosen so that k0(0) = Id. The point x0 is fixed
by k0(2π), so k0(2π)
n = Id.
4.1. Proof of Theorem 3.1 (b).
Proof. (Proof of Theorem 3.1 (b)) Let (A,u) be a finite energy affine vortex with
bounded image. The singularity of the vortex (A,u) at infinity can be removed in a
weak sense via a unitary gauge transformation of class W 1,p. We work on the chart
of the weighted projective line that contains the point at infinity, which is U˜1 ≃ C in
the terminology of (8). The vortex (A,u) lifts to (A˜, u˜)(z) := (A,u)(z−n), defined
over U˜1\{0}. We assume that A, and hence A˜ is in radial gauge in a punctured
neighborhood of z = 0 in U˜1. We define a gauge transformation k˜1 on U˜1\{0} so
that the pair (k˜1A˜, k˜1u˜) extends to a gauged holomorphic map in (L
p
loc×W
1,p
loc )(U˜1).
Define k˜1(r, θ) := k0(nθ) where k0 ∈ W
1,p([0, 2π],K) is given by Proposition 4.2.
Recall that k0 was only defined on [0, 2π], which can be extended as k0(θ + 2π) =
k0(2π)k0(θ). This way, k˜1 is a well-defined gauge transformation on C\{0} because
k0(2π)
n = Id. By Proposition 4.1, k˜1u˜ extends continuously over∞, with k˜1u˜(∞) =
x0. The connection k˜1A˜ is in radial gauge, so A˜ = D+adθ. Then, using (38),
‖k˜1A˜‖
p
Lp(B1)
=
∫ 1
0
∫ 2π
0
|
1
r
(k−10 ∂θk0 + a(r
−n, θ))|prdθdr ≤ c
∫ 1
0
rnγp+1−pdr.
CLASSIFICATION OF AFFINE VORTICES 35
This expression is finite because 2 < p < 2(1 + 1n), so we can choose
1
n
(1−
2
p
) < γ <
1
n
− 1 +
2
p
.
Proposition 4.2 is applicable with these values.
If the gauge transformation k0 were smooth, we could have used it to construct a
principal bundle over the weighted projective line, on which the given vortex would
be p-bounded. But since k0 is not smooth, we have to take an indirect approach
involving complex gauge transformations. We transform the vortex into a smooth
gauged holomorphic map on a K-bundle over the weighted projective line. Then, we
argue that the complex gauge transformation used is p-bounded over that bundle.
We now show that there is a complex gauge transformation, called h˜, in a punc-
tured neighborhood of infinity in the weighted projective line, that takes the given
vortex to an untwisted holomorphic map in the neighborhood of infinity, i.e. a trivial
connection and holomorphic map. For 0 < R˜ < 1, let σR˜ : B1 → BR˜ denote the
dilation function x 7→ R˜x. Writing k˜1A˜ = D+a˜, we have σ
∗
R˜
(k˜1A˜) = D+Ra˜(R·).
Then,
‖σ∗R(k˜1A˜)‖Lp(B1) = ‖R˜a˜(R˜·)‖Lp(B1) = R˜
1− 2
p ‖a˜‖Lp(BR˜).
For some R˜ ∈ (0, 1], ‖σ∗
R˜
A˜‖Lp(B1) is small enough that Lemma 4.3 is applicable.
By Lemma 4.3 there is a unique ξ˜ ∈ W 1,p0 (BR˜, k) such that the connection e
iξ˜k˜1A˜
is flat. Further, up to left multiplication by a constant, there is a unique gauge
transformation k˜2 ∈ W
1,p(BR˜,K) such that the connection k˜2e
iξ˜ k˜1A˜ is the trivial
connection. Choose k˜2 so that k˜2(0) = Id. Denote by h˜ := k˜2e
iξ˜k˜1 : BR˜\{0} → G the
complex gauge transformation we have calculated so far. It transforms the map u˜ to
a holomorphic map near infinity. This is because ∂(h˜u˜) = 0 on BR˜\{0} and h˜u˜(BR˜)
extends continuously over 0. So, we can work on a chart of X and use the removal of
singularities for holomorphic functions ([39, Theorem 3.1]) to show that h˜u˜ extends
holomorphically over 0. Finally, the complex gauge transformation h˜ satisfies the
symmetry property σ∗n(h˜) = k0(2π)h˜. This follows from the symmetry properties of
k˜1A˜, ξ˜ and k˜2. In particular, we have σ
∗
n(k˜1A) = k0(2π)A. By the uniqueness of ξ˜
and k˜2, we can say that ξ˜ ◦ σn = Adk0(2π) ξ˜ and k˜2 ◦ σn = k0(2π)k˜2k0(2π)
−1.
The complex gauge transformation h˜ calculated in the last paragraph will extend
over the affine line after it is given a constant twist, and it will transform the given
vortex to a gauged holomorphic map that extends smoothly over infinity. Suppose
k0 : [0, 2π]→ K is homotopic (with fixed end points) to the geodesic θ 7→ e
−λθ. The
complex gauge transformation enλθh˜ is symmetric under the Zn-action, so it descends
to a complex gauge transformation g1 on C\BR that satisfies e
nλθh˜(z) = g1(
1
zn ). On
C\BR, g1A is equal to D+λdθ, which is a smooth connection. The map g1u is ∂g1A-
holomorphic, so it is smooth on C\BR by elliptic regularity. The complex gauge
transformation g1 : C\BR → G is smooth because both u and g1u are smooth and
u(C\BR) ⊂ X
ss, where G acts with finite stabilizers. The map g1 : C\BR → G is
smoothly homotopic to identity. This is because on BR˜\{0} ⊂ U˜1, both k˜
−1
1 k˜2e
iξ˜ k˜1
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and enλθk˜1 are continuously homotopic to identity. Therefore, there is a smooth
complex gauge transformation g on C that agrees with g1 on C\B2R. The gauged
holomorphic map g(A,u) satisfies the conditions in Proposition 2.4 - i.e. on C\B2R,
gA = D+λdθ and limr→∞ e
−λθgu(r, θ) = x0. So, g(A,u) extends to a smooth
gauged holomorphic map over P → P(1, n) where the principal K-bundle P is
described by transition functions µ = e−2πλ and τ = enλθ. This indeed proves the
existence statement of the theorem: the complex gauge transformation g can be
written as g = eiζk, where k ∈ K(C) and ζ : C → k are smooth. We claim that
e−iζ ∈ G(P )bd, so that k(A,u) extends to a p-bounded gauged holomorphic map over
P → P(1, n). Let ζ˜ : U˜1\{0} → k be defined as ζ˜(z) = ζ(
1
zn ) and let k˜ : U˜1\{0} → K
be equal to k˜(z) = k( 1zn ). By straightforward calculations, on BR˜/2n\{0} ⊂ U˜1\{0},
we have
eiζ˜ = enλθk˜2e
iξ˜k˜−12 e
−nλθ, k˜ = enλθk˜2k˜1.
In the trivialization of P on U˜1, the complex gauge transformation e
iζ is given by
e−nλθeiζ˜enλθ : U˜1\{0} → K, which is equal to k˜2e
−iξ˜k˜−12 on BR˜/2n\{0} ⊂ U˜1\{0}.
By recalling details from the previous paragraph, k˜2e
−iξ˜k˜−12 extends to a W
1,p map
on BR˜/2n . Therefore g is in G(P )bd and the pair k(A,u) extends to a p-bounded
gauged holomorphic map over P . Hence, the pair (A,u) extends to a p-bounded
gauged holomorphic map over a bundle that is isomorphic to P (see (10)).
Finally we show uniqueness. Given a finite energy vortex (A,u), the bundle P →
P(1, n) is determined uniquely by the path {[0, 2πn ] ∋ θ 7→ k0(θ)} up to homotopy
and the action of Adk for k ∈ K (see Remark 2.3). The path k0 is determined using
Proposition 4.2, and the choice of this equivalence class is unique because it has to
satisfy the condition
lim
r→∞
max
θ∈[0,2π]
d(x0, k0(θ)u(re
iθ)) = 0, where x0 = lim
r→∞
u(r, 0) ∈ Φ−1(0).
Now suppose g1, g2 ∈ G(P )bd so that gi(A,u) is a smooth gauged holomorphic map
on P . On BR˜ ⊂ U˜1, g1u, g2u are smooth maps to X
ss, where G acts with finite
stabilizers. So, g−11 g2 is smooth in this region and hence g
−1
1 g2 ∈ G(P ). This finishes
the proof of Theorem 3.1 (b). 
The following Lemma is used in the proof of Theorem 3.1 (b). It says that
on a trivial principal bundle, an Lp-small connection can be transformed to a flat
connection via a W 1,p-small complex gauge transformation.
Lemma 4.3. Let p > 2 and Σ be a compact connected Riemann surface with metric
with non-empty boundary. Let P := Σ ×K be the trivial principal K-bundle on Σ.
Let D be the trivial connection on P . There are constants c1, c2 and c
′
2 so that the
following holds. Let A = D+a be a connection on P so that a ∈ Ω1(Σ, k)Lp . If
‖a‖Lp(Σ) < c1, there is a unique ξ ∈ W
1,p(Σ, k) satisfying ξ|∂Σ = 0, FeiξA = 0 and
‖ξ‖W 1,p ≤ c2‖FA‖W−1,p ≤ c
′
2‖a‖Lp .
Further, on any contractible closed set Σ′ ⊂ int Σ, there is a gauge transformation
k ∈W 1,p(Σ′,K) so that keiξA = D on Σ′. The gauge transformation k is unique up
to left multiplication by a constant element in K.
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On a compact connected Riemann surface Σ with non-empty boundary, if the Lie
group K is connected, then any principal K-bundle P → Σ is trivializable. Hence
it suffices to consider only trivial bundles in Lemma 4.3.
Proof. (Proof of Lemma 4.3) The proof is by an application of the implicit function
theorem on the map
FA :W 1,p0 (Σ, k)→W
−1,p(Σ, k), ξ 7→ ∗FeiξA.
By (3) and (6), the linearization at ξ is
DFAξ = d
∗
eiξAdeiξA :W
1,p
0 (Σ, k)→W
−1,p(Σ, k).(39)
In this proof, the constant c indicates a constant that is independent of the connec-
tion A, whose value varies across appearances.
Step 1: There is a constant c1 such that if a connection A = D+a satisfies ‖a‖Lp <
c1, then DF
A(0) is invertible and the inverse has norm independent of a.
The operator d∗d :W 1,p0 (Σ, k)→W
−1,p(Σ, k) is an isomorphism (see appendix D in
[45]). Further,
(d∗AdA − d
∗d)η = ∗[a ∧ ∗dη] + d∗[a, η] + ∗[a ∧ ∗[a ∧ η]].(40)
Using Sobolev multiplication (Proposition 6.2) and by assuming c1 < 1, we have
‖(d∗AdA − d
∗d)η‖W−1,p ≤ c‖η‖W 1,p(‖a‖Lp + ‖a‖
2
Lp) ≤ c‖η‖W 1,p‖a‖Lp
so the operator norm satisfies ‖(d∗AdA − d
∗d)‖ ≤ c‖a‖Lp . If this quantity is small
enough, by a Neumann series argument, d∗AdA is invertible with bounded norm. Let
Θ := (d∗AdA − d
∗d)(d∗d)−1. If ‖Θ‖ < 1, then the operator Id+Θ is invertible and
the inverse has a bound
‖(Id+Θ)−1‖ ≤
∞∑
i=0
‖Θ‖i.
Further,
(d∗AdA)
−1 = (d∗d)−1(Id+Θ)−1.
We can choose c1 such that if ‖a‖Lp < c1, then,
‖(d∗AdA)
−1‖ ≤ 2‖(d∗d)−1‖.
In the statement of the implicit function theorem (Proposition 6.1), we take C :=
2‖(d∗d)−1‖.
Step 2: Given a constant c1, there is a constant c such that for any connection
A = D+a satisfying ‖a‖Lp < c1 and ‖ξ‖W 1,p < 1,
‖DFAξ −DF
A
0 ‖ < c‖ξ‖W 1,p .
Write
DFAξ −DF
A
0 = (d
∗
(exp iξ)Ad(exp iξ)A − d
∗
AdA)
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Let (exp iξ)A = A+ α. Then,
(d∗(exp iξ)Ad(exp iξ)A − d
∗
AdA)ξ1 = ∗[α ∧ ∗dAξ1] + d
∗
A[α ∧ ξ1] + ∗[α ∧ ∗[α ∧ ξ1]].
As in Step 1, the operator norm of DFξ −DF0 is bounded as
‖d∗(exp iξ)Ad(exp iξ)A − d
∗
AdA‖ ≤ c(‖α‖Lp + ‖α‖
2
Lp) ≤ c‖ξ‖W 1,p ,
where the last inequality is by Lemma 6.4 and the fact that ‖ξ‖W 1,p < 1. If ‖a‖Lp <
c1, the constant c is independent of a and ξ.
Step 3: Finishing the proof.
By the result in Step 2, there is a constant δ0 > 0 such that
‖ξ‖W 1,p < δ0 =⇒ ‖DF
A
ξ −DF
A
0 ‖ ≤
1
2C
.
The function
(ξ,∆ξ) 7→ DFA(ξ)∆ξ :W 1,p0 (Σ, k)×W
1,p
0 (Σ, k)→W
−1,p(Σ, k)
is continuous using the identity (40), Lemma 6.4 and Sobolev multiplication (Propo-
sition 6.2). So FA is differentiable and the implicit function theorem is applicable.
The constant c1 can be chosen such that ‖FA‖−1,p <
δ0
8C . This is because by the
multiplication theorem,
‖FA‖−1,p ≤ c(‖a‖Lp + ‖a‖
2
Lp) < cc1.
Finally, apply Proposition 6.1 with δ := 8C‖FA‖−1,p. This ensures ‖F
A(0)‖ =
‖FA‖−1,p <
δ
4C and we get a solution ξ ∈ Bδ(W
1,p) for FA(ξ) = 0. The solution ξ
also satisfies ‖ξ‖1,p < 8C‖F (A)‖−1,p < c‖a‖Lp . The constants in this inequality are
suitable values for c2 and c
′
2 in the statement of the Lemma.
We next prove the second statement of the lemma. We use the fact that a flat
Lp connection is gauge-equivalent to a connection that is smooth away from the
boundary ∂Σ. Indeed, this is proved in [44, Theorem 3.1] for a base manifold without
boundary, but since we only want interior regularity, the proof is identical. We briefly
outline this proof: For an Lp connection A, if we choose a smooth connection A˜0
close enough to A (in the Lp norm), there is a gauge transformation k ∈ W 1,p that
puts A in coulomb gauge with respect to A˜0, that is, if a := kA− A˜0,
d∗
A˜0
a = 0.
This is the content of the local slice theorem (Theorem 8.3) in [45]. Now, one has
control over da and d∗a, using elliptic bootstrapping as in [44], it can be shown that
kA is smooth away from ∂Σ. Similar to the first statement in the lemma, here we
rely on the ellipticity of ∆ :W 1,p0 →W
−1,p.
Finally note that a smooth flat connection on a contractible set is gauge equivalent
to the trivial connection. The uniqueness statement in the lemma is obvious because
the trivial connection is preserved only by constant gauge transformations. This
finishes the proof of Lemma 4.3 
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Remark 4.4. Lemma 4.3 is true for higher regularity connections. Suppose k ∈ Z≥0,
p > 1 such that (k + 1)p > 2. If a ∈ W k,p, then ξ ∈ W k+1,p can be produced
satisfying the conditions of Lemma 4.3. The proof of the higher regularity statement
is analogous and is more standard.
4.2. Unique affine vortex in a complex gauge orbit. The following is the last
component in the proof of the main Theorem 3.1. To state it, we assume the result
of part (b) of this theorem.
Proposition 4.5. (At most one vortex in a complex gauge orbit) Suppose (A0, u0)
and (A1, u1) are finite energy vortices on C that extend to a p-bounded gauged holo-
morphic map over a bundle P → P(1, n). Suppose further that they are related by a
complex gauge transformation g ∈ G(P )bd. Then g is a unitary gauge transforma-
tion, i.e. g ∈ K(P )bd.
Proof. The proof proceeds in the same way as the corresponding result for vortices
on a compact Riemann surface (Proposition 3.6). The complex gauge transformation
g can be written as g = keiξ, where k ∈ K(P )bd and ξ ∈ Γ(P(1, n), P (k))bd . We can
assume k = Id and (A1, u1) = e
iξ(A0, u0). Let (At, ut) := e
itξ(A,u) for t ∈ [0, 1].
We write
d
dt
∫
C
〈∗FAt,ut, ξ〉 =
∫
C
〈d∗AtdAtξ + u
∗
tdΦ(J(ξ)ut), ξ〉k
= ‖dAtξ‖
2
L2 +
∫
C
ωut((ξ)ut , J(ξ)ut) + limr→∞
∫
∂Br
〈∇At,νξ, ξ〉k
(41)
where ∇At,νξ, is the covariant derivative of ξ along ν, the outward normal unit
vector field to ∂Br.
However, for the above computation to make sense, we need to show that the terms
‖dAtξ‖L2(C) and
∫
C ωut((ξ)ut , J(ξ)ut) are finite and the boundary term vanishes.
Step 1: ‖dAtξ‖L2 <∞ for t ∈ [0, 1].
We work on the chart containing infinity - this is U˜1 from (8). Consider BR˜ ⊂ U˜1,
for some R˜ > 0. We have A0 ∈ L
p(BR˜) and ξ ∈ W
1,p(BR˜). Using Lemma 6.4 for
the action of the complex gauge transformation eitξ on the connection A0, we can
say At − A0 ∈ L
p(BR˜). Since p > 2, ‖dAtξ‖L2(BR˜) is finite. Let R = (R˜)
−1/n. By
conformal invariance of the L2 norm of one-forms, the norms ‖dAtξ‖L2(C\BR) and
‖dAtξ‖L2(BR˜) are equal, so both are finite, and hence ‖dAtξ‖L2 <∞ for 0 ≤ t ≤ 1.
Step 2:
∫
C ωut((ξ)ut , J(ξ)ut) <∞ for t ∈ [0, 1].
We use asymptotic decay of vortices (Proposition 4.1) to obtain an asymptotic bound
on |ξ|: fix an 0 < ǫ < 2n , let δ =
2
n − ǫ, then for an affine vortex (A,u) there is a
constant c so that for z ∈ C\B1,
eA,u(z) ≤ c|z|
−2−δ .
Therefore, |Φ(u0(z))|, |Φ(u1(z))| ≤ c|z|
−1− δ
2 .
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We prove a similar asymptotic bound on ξ also. For any c > 0, define Zc :=
{|Φ| < c} ⊂ X. For any x ∈ X, define
Ψx : k→ k, s 7→ Φ(e
isx)− Φ(x).
For all x ∈ Φ−1(0), the derivative dΨx(0) is invertible. Since Φ is proper, we can
choose ǫ1 > 0 such that dΨx(0) is invertible for all x ∈ Zǫ1. Define
Ψ : Zǫ1 × k→ Zǫ1 × k (z, s) 7→ (z,Ψz(s)) = (z,Φ(e
isz)− Φ(z)).
For all z ∈ Zǫ1, the map dΨ(z, 0) is an isomorphism, so Ψ is locally an isomorphism.
That is, there is an open neighborhood of U of (z, 0), such that Ψ : U → f(U) is a
diffeomorphism. By the compactness of Zǫ1 , there exists ǫ2 > 0 such that Ψ has a
smooth inverse on Zǫ1 ×Bǫ2(k). Set ǫ := min{ǫ1, ǫ2}. We can conclude that there is
a constant c such that for x, y ∈ Zǫ satisfying y = e
isx for some s ∈ k,
(42) |s| < c|Φ(x)− Φ(y)|.
We can choose 0 < ǫ′2 < ǫ2 such that for all z ∈ Zǫ1 , the straight line connecting 0
and any point in Ψ−1z (Bǫ′2) is contained in Ψ
−1
z (Bǫ2). Set ǫ
′ := min{ǫ1, ǫ
′
2}. For any
x, y ∈ Zǫ′ satisfying y = e
isx for some s ∈ k, the curve {eitsx : t ∈ [0, 1]} is contained
in Zǫ.
Let R > 0 be large enough that both u0, u1 map C\BR to Zǫ′ . Recall u1 = e
iξu0.
By the preceding discussion, ut(C\BR) ⊂ Zǫ for all t ∈ [0, 1] and by (42),
(43) |ξ(x)| < c|Φ(u1(x))− Φ(u0(x))| < c|z|
−1− δ
2
for x ∈ C\BR. For z ∈ Zǫ, the operator Lz (see (16)) is uniformly bounded. So,
there is a constant c so that
|ωut((ξ)ut , J(ξ)ut)(z)| < c|z|
−2−δ
for z ∈ C\BR and hence,∫
C
ωut((ξ)ut , J(ξ)ut) <∞, 0 ≤ t ≤ 1.
Step 3: limr→∞
∫
∂Br
〈∇At,νξ, ξ〉k = 0 for t ∈ [0, 1].
In step 1, we showed that At is in L
2(C\BR), but we do not know anything yet
about the restriction of At to the boundary ∂BR. We now obtain a C
0-bound under
suitable local trivializations of P . For this we cover C\BR by identical open sets.
Let S ⊆ C be an open set with smooth boundary such that
[−
3
4
,
3
4
]× [−
3
4
,
3
4
] ⊆ S ⊆ [−1, 1] × [−1, 1].
Then, {S + (x, y) : |x|, |y| ≥ R − 2} is a cover of C\BR. Let S
′′ ⋐ S′ ⋐ S be such
that their translates (by integers) also cover C\BR. The quantity 〈dAtξ, ξ〉k ∈ Ω
1(Σ)
is gauge-invariant, so on each S + (x, y), we can choose a different trivialization to
study it. We focus on a single set Sxy := S + (x, y) and let r :=
√
x2 + y2. In the
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following discussion, the constant c is independent of (x, y) and r. Fix a trivialization
of P |Sxy so that A0 = D+a0 is in Uhlenbeck gauge i.e.
‖a0‖W 1,p(Sxy) < c‖F (A0)‖Lp(Sxy) < c.(44)
Under this trivialization, we write At = D+at. By applying a gauge transformation
k : Sxy → K, we can put A1 in Uhlenbeck gauge - i.e. if kA1 = D+a˜1 then,
‖a˜1‖W 1,p(Sxy) < c‖F (A1)‖Lp(Sxy) < c.(45)
Denote g = keiξ, so gA0 = D+a˜1. As in the proof of Lemma 3.18, we can write
a0,1g = −∂A0g, where a = a˜1 − a0. By elliptic regularity,
‖g‖W 1,p(S′xy) ≤ c(‖∂g‖Lp(Sxy) + ‖g‖Lp(Sxy))
≤ c(‖a0,1g‖Lp(Sxy) + ‖a
0,1
0 g‖Lp(Sxy)) + c‖g‖L∞(Sxy))
There is an L∞ bound on g from (43) and the fact that K is compact. Together
with the bounds on a and a0 (from (44) and (45)), this shows that ‖g‖W 1,p(S′xy) ≤ c.
By applying elliptic regularity again, we can show ‖g‖W 2,p(S′′xy) ≤ c. Since (4) is a
diffeomorphism,
‖ξ‖W 2,p(S′′xy) ≤ c.(46)
By Lemma 6.4, we get
‖at − a0‖W 1,p(S′′xy) < c.
Together with the bound on a0, this uniformly bounds ‖at‖W 1,p(Sxy). By Sobolev
embedding
‖at‖C0(Sxy) < c(47)
for 0 ≤ t ≤ 1.
Consider the integral
∫
∂Br
〈∇At,νξ, ξ〉k. We partition the curve into segments, so
that each segment lies in a single set S′′xy. Write ∇At,νξ =
∂
∂ν ξ + [(at)ν , ξ]. We have
C0 bounds on ∂∂ν ξ and (at)ν using (46) and (47). Together with the asymptotic
bound on ξ (43), the result of Step 3 is proved.
Step 4: Finishing the proof.
We have shown that the equation (41) holds and the boundary term vanishes as
r →∞. So,
d
dt
∫
C
〈∗FAt,ut , ξ〉 > 0
if ξ 6= 0. Since FA0,u0 = FA1,u1 = 0, this implies that ξ = 0, proving Proposition
4.5. 
Proof. (Proof of Proposition 1.2) We first consider the case of a line bundle X = C
on which G acts with weight ν ∈ g∨. Suppose P is a principal bundle with [P ] = d.
Then the associated orbifold line bundle P (X) has degree (pairing of the first Chern
class with the rational fundamental class) 〈ν, d〉 ∈ Q. By our set-up 〈ν, d〉 = mn
for some m ∈ Z. Up to isomorphism, there is a unique holomorphic line bundle
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on P(1, n) of this degree [38, Theorem 5.1], this line bundle is described as: L =
(U˜1 × C) ⊔ (U2 × C)/ ∼ where ∼ is as follows:
(z, l) ∼ (σnz, e
−2πim/nl) (z, l) ∈ U˜1 ×C
(z, l) ∼ (w, zml) 0 6= z ∈ U˜1, w ∈ U2, w =
1
zn
,∈ C
In the framework of Section 2.5, the transition functions µ : U˜1 → C
× and τ :
U˜1\{0} → C
× are holomorphic and are µ(z) := e−2πim/n and τ(z) = zm. Holomor-
phic sections on u : P(1, n)→ P (X) are of the following form:
U2 ∋ w 7→ u0 + u1w + · · ·+ uqw
q, U˜1 ∋ z 7→ z
m(u0 + u1z
−n + · · ·+ uqz
−qn),
where q = ⌊m/n⌋. It is clear that u(∞) = 0 if m/n is not an integer, and otherwise
u(∞) = uq = u
(q)/q!. For the case of a vector bundle X = Ck, the expression for
u∞ can be derived in a similar way. Using Theorem 3.1, the section u is complex
gauge equivalent to an affine vortex if and only if u(∞) ∈ Xss.
We next show when two such sections are complex gauge equivalent. Consider a
holomorphic complex gauge transformation g ∈ G(P ) relating sections u1, u2. The
complex gauge transformation g induces an isomorphism on each line bundle P×νiC,
which we call νi(g). Since the group is Abelian, νi(g) is a holomorphic map from
P(1, n) to C×, which is necessarily a constant. Since the weights ν1, . . . , νk span g
∨,
we conclude g : P(1, n)→ G is a constant. 
5. Asymptotic decay for vortices
Proposition 4.1 is a consequence of a decay result for vortices on a cylinder (Propo-
sition 5.3) and a result about the limit behavior of u as z →∞ (Proposition 5.4).
Definition 5.1. (Energy density) Let U ⊂ C be an open subset. Suppose λ : U →
R≥0 is a smooth function. Let (A,u) be a vortex from the principal bundle P → U
to X with respect to the metric ω = λ2ds ∧ dt. The energy density of (A,u) is
e(A,u)(z) :=
1
2
(
|FA(z)|
2 + |dAu(z)|
2 + |Φ(u(z))|2
)
for any z ∈ U . The norms are defined as follows : for any form α ∈ Ω∗(U, k), if
α ∧ ∗λα = fds ∧ dt, then |α(z)|
2 = |f |2. Here, ∗λ denotes the Hodge star with
respect to the metric λ2ds ∧ dt.
Definition 5.2. (Admissible metric) Let a > 0. On a half cylinder Σ := {(s, t) :
s ≥ 0, t ∈ R/aZ}, the metric ωΣ = λ
2ds ∧ dt is admissible if
λ ≥
2π
amΦ−1(0)
sup
Σ
(∆(λ−2) + |d(λ−1)|2) < 2m2Φ−1(0)(48)
where mΦ−1(0) = infx∈Φ−1(0) |Lx|, where Lx is defined by (16).
Proposition 5.3. (Decay for vortices on the half cylinder, [52, Theorem 1.3]) Let
Σ be a half cylinder
Σ := {(s, t) : s ≥ 0, t ∈ R/aZ}
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with an admissible metric ωΣ = λ
2ds ∧ dt where λ = λ(s, t) is a positive function.
Suppose G acts freely on Xss and (A,u) is a finite energy vortex from the trivial
bundle Σ × K to X such that u(Σ) is compact. Then, for every ǫ > 0, there is a
constant C such that
e(A,u)(s+ it) ≤ Cλ
−2e(−
4pi
a
+ǫ)s.
Proposition 5.4. Suppose (A,u) is a finite energy vortex with bounded image on
the half cylinder Σ (described in Proposition 5.3). Let πG : X
ss → X//G denote the
projection. Then, lims→∞ πG ◦ u(s, t) exists.
Proof. The proof uses a combination of results from Ziltener [52] and McDuff-
Salamon [29] and extends them to the case of orbifold quotient/target. For the
mean value inequality, we use Lemma 3.3 in [52]. The proof of this result works
when the action of K on Φ−1(0) has finite stabilizers. In the setting of Proposition
5.3, this gives that there exists a number s0 ≥
1
2 such that for z = (s, t) with s ≥ s0,
e(A,u)(z) ≤
32
π
E((A,u);B 1
2
(z)).
Since E((A,u); Σ) is finite, the right side goes to 0 as s →∞. So, for large enough
s0, Φ(u(s, t)) is close enough to 0 and so u(s, t) ∈ X
ss. Furthermore, uG := πG ◦ u
is well-defined and is a holomorphic map to X//G. Also,
ℓ(uG({s = s1, t ∈ R/aZ})) ≤
∫ a
0
|duG(s1, t)|dt
≤
∫ a
0
|dAu(s1, t)|dt→ 0 as s1 →∞.
(49)
Now, we switch to working on X//G to prove the result. For every p ∈ X//G,
there is a neighborhood Up and a uniformizing chart (Vp, Gp, π) such that Vp ⊂ C
N ,
Gp is a finite group acting on Up and π : Up → Vp induces a homeomorphism from
Up/Gp to Vp (see [9]). Each Up has a Gp-invariant symplectic form that descends to
the symplectic form on X//G. The quotient X//G is compact, so it can be covered
by a finite number of such neighborhoods U1, . . . , Uk. Fix a constant δ0 > 0 such
that for any p ∈ X//G, Bp(δ0) ⊂ Ui for some i ∈ {1, . . . , k}. If the length of the loop
γ : S1 → X//G is less than δ0, it can be lifted to the cover in some uniformizing
chart and the isoperimetric inequality [29, Theorem 4.4.1] can be applied. The
rest of the proof can be completed in the same way as the proof of the removal of
singularities result for J-holomorphic curves in [29, Theorem 4.1.2]. We need the
second paragraph of the proof of [29, Lemma 4.5.1] (this requires Stokes’ theorem
for orbifolds, which can be proved by passing to a cover locally using regularizing
charts), followed by the proof of [29, Theorem 4.1.2]. Note that we don’t require
holomorphic extension of uG over the singularity. 
Proposition 4.1 now follows in a straightforward way.
Proof. (Proof of Proposition 4.1) Map C\B1 to the half cylinder Σ, set a = 2π and
apply change of coordinates Σ ∋ z 7→ ez ∈ C\B1. Equip Σ with the pullback metric.
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By Proposition 5.4, uG(∞) := lims→∞ uG(s, t) exists. Let x ∈ π
−1
G (uG(∞)), and let
S be a slice for the G-action at x. This means G×Gx S → X
ss is a diffeomorphism
onto its image. The map π : G×S → Xss is a |Gx|-cover, equip G×S with the metric
π∗ωX . The left K-action is free and has moment map π
∗Φ. The number n divides
Gx, so for some large s0, u(Σs>s0) ⊆ GS and the map u lifts to u˜ : Σ˜s>s0 → G× S.
Here Σ˜s>s0 = {(s, t) : s ≥ s0, t ∈ R/2πnZ} is an n-cover of Σs>s0 equipped with the
pullback metric. Now, Proposition 5.3 can be applied to the lift (A˜, u˜) : Σ˜s≥s0 →
G× S, and this proves Proposition 4.1. 
Proof. (Proof of Proposition 4.2) We work in cylindrical co-ordinates on the comple-
ment of a ball. Map C\B1 to the half cylinder Σ = {(s, t) : s ≥ 0, t ∈ R/2πZ}, with
change of coordinates Σ ∋ z 7→ ez ∈ C\B1. The Euclidean metric on C\B1 pulls
back to ωΣ = e
2sds∧ dt on Σ. The connection A can be put in radial gauge, so that
on Σ, A = D+a(s, t)dt. The proof now is exactly same as the proof of Proposition
D.7 (B) in [50]. The only asymptotic result used in that proof is the following: for
some δ > 0,
sup
t
(|
∂
∂s
u(s, t)|+ eδs|Φ(u(s, t))|) ≤ e−δs ∀s ≥ 0.
In our case, by Proposition 4.1 we have this result for δ = 2n − ǫ. The conclusion of
Proposition D.7 (B) consists of (38) in the form:
‖k−10 ∂θk0 + a(r, ·)‖Lp([0,2π],K) < cr
(−1+ 2
p
+ δ
2
).
To obtain our result, we choose ǫ = 2( 1n − 1 +
2
p − γ). 
6. Some analytic results
In this section, we collect some analytic results used in the proof. The first two
results are standard. The following is Proposition A.3.4 in [29].
Proposition 6.1. (Implicit function theorem) Let F : X → Y be a differentiable
map between Banach spaces. Suppose that DF (0) is surjective and has a right inverse
Q, with ‖Q‖ ≤ C. For all x ∈ Bδ, ‖DF (x) −DF (0)‖ <
1
2C . If ‖F (0)‖ <
δ
4C , then
F (x) = 0 has a unique solution in Bδ satisfying x ∈ ImQ.
Proposition 6.2. (Sobolev multiplication) Let Σ be a compact n-dimensional man-
ifold possibly with a smooth boundary.
(a) ([1, Theorem 4.39]) Given k ∈ Z and p > 1 be such that kp > n. Then,
W k,p(Σ) is a Banach algebra with respect to pointwise multiplication. There
is a consant c such that for any f , g ∈W k,p(Σ)
‖fg‖W k,p ≤ c‖f‖W k,p‖g‖W k,p .
(b) ([35, Theorem 9.5 (3)]) Suppose l ∈ Z, ki ∈ Z≥0 and q, pi > 1, where i = 1, 2.
Suppose at least for one i, kipi < n. Let l ≤ k1, k2 and l−
n
q <
∑
i=1,2 ki−
n
pi
.
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Further, if l < 0, then we assume
∑
i:kipi<n(
n
pi
− ki) < n. Then, there is a
consant c such that for any f ∈W k1,p1(Σ), g ∈W k2,p2(Σ)
‖fg‖W l,q ≤ c‖f‖W k1,p1‖g‖W k2,p2 .
The following result is Theorem 1 in [16] applied to the case where the base
manifold is a Riemann surface.
Theorem 6.3. (Donaldson [16], Theorem 1) Let Σ be a compact Riemann surface
with boundary, and let A be a H1 connection on the trivial bundle Σ×K. There is
a unique s ∈ H2(Σ, k) satisfying s|∂Σ ≡ 0 and e
isA is a flat connection.
Lemma 6.4. (Action of GC onA) Let (Σ, jΣ) be a compact Riemann surface, possibly
with a smooth boundary and P be a principal K-bundle. Let k ∈ Z≥0, p > 1 be such
that (k+1)p > 2. Complex gauge transformations in Gk+1,p(P ) act smoothly on the
space of connections Ak,p(P ).
Let A0 be a smooth connection on P . For any ǫ > 0, there is a constant C so
that the following is satisfied. For any W k,p connection A = A0 + a which satisfies
‖a‖W k,p(Σ) < ǫ and any ξ ∈W
k+1,p(Σ, P (k)) that satisfies ‖ξ‖W k+1,p < 1,
(50) ‖(exp iξ)A−A‖W k,p(Σ) ≤ C‖ξ‖W k+1,p(Σ).
Proof. The action of unitary gauge transformations Kk+1,p is smooth on Ak,p - this is
a standard result, see [45, Lemma A.5]. To prove the same for Gk+1,p, it is enough to
look at complex gauge transformations of the form eiξ, where ξ ∈ W k+1,p(Σ, P (k)).
The infinitesimal action of iξ on a connection A is dAξ ◦ jΣ. Suppose at : [0, 1] →
W k,p(Σ, P (k)) is the solution of the equation
(51)
dat
dt
= (dA+atξ) ◦ jΣ = (dA0ξ + [at, ξ]) ◦ jΣ, a0 = a.
Then, (exp iξ)A = A0 + a1. The map
W k,p ×W k+1,p ∋ (a, ξ) 7→ (dA0ξ + [a, ξ]) ◦ jΣ ∈W
k,p
is smooth. So, the equation (51) has a solution t 7→ at on the time interval [0, 1].
Further a1 varies smoothly with a0 and ξ. This shows that G
k+1,p has a smooth
action on Ak,p.
Next, we prove the norm bound assuming ‖ξ‖W k+1,p < 1. Suppose at 6= 0 for all
t ∈ [0, 1]. Then,
(52)
d
dt
‖at‖W k,p ≤ ‖
dat
dt
‖W k,p ≤ c(‖ξ‖W k+1,p + ‖at‖W k,p‖ξ‖W k+1,p).
We remark that ddt‖at‖W k,p is well-defined since t 7→ at is differentiable and at is
not identically zero for any t ∈ [0, 1]. Since ‖ξ‖W k+1,p < 1, we have
d
dt‖at‖W k,p ≤
c(1 + ‖a‖W k,p). Then,
‖at‖W k,p ≤ e
ct(1 + ‖a0‖W k,p)− 1 ≤ C(ǫ).
Now, we use (52) again and write ddt‖at‖W k,p ≤ C‖ξ‖W k+1,p. This proves the
result if at 6= 0 for all t ∈ [0, 1]. If that is not the case, we apply the procedure on
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the intervals [0, t0] and [t1, 1], where t0, t1 are the smallest and largest time values
for which ‖at‖ ≤ ǫ. This would produce the same bound. 
Lemma 6.5. (Converging connections are related by converging gauge transforma-
tions) Let Σ ⊂ C be the closure of a bounded open subset with smooth boundary and
let P := Σ × K be the trivial principal bundle over Σ. Suppose p > 2 and Ai is
a sequence of connections converging to A∞ in L
p. Suppose furthermore that the
connections in the sequence are gauge equivalent, i.e. there exist ki ∈ W
1,p(Σ,K)
such that ki(A0) = Ai. Then, there exists k∞ ∈W
1,p(Σ,K) such that, after passing
to a subsequence, ki ⇀ k∞ weakly in W
1,p. Further, A∞ = k∞(A0) and so the limit
is in the same gauge orbit as the sequence.
Proof. This result is a slight variation of Lemma 4.3.5 in [43]. The connections
can be written as Ai = D+ai, where ai ∈ Ω
1(Σ, k). Any compact Lie group in-
jectively embeds into U(N). After fixing such an embedding, we can use matrix
representations for ai, ki etc. The relation kiA0 = Ai can be re-written as
ai = (dki)k
−1
i + kia0k
−1
i .
Let Θi := Ai −A∞. Then,
dki = −kia0 + a∞ki +Θiki.(53)
The one-forms A0, A∞ and Θi are bounded in L
p. We can assume that the norm
on the space of N × N matrices is invariant under left and right multiplication
by elements in K. Then, the right hand side of (53) is bounded in Lp. Since K is
compact, ‖ki‖W 1,p < c for some constant c. After passing to a subsequence, ki ⇀ k∞
inW 1,p. So, the sequence kiA0, which is equal to the sequence Ai, converges to k∞A0
weakly in Lp. The limit must be equal to the strong limit, which is A∞. 
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